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2 MARTIN BENDERSKY
1. REVIEW OF DIFFERENTIAL GEOMETRY

References for this material are [ST], [S] or any reasonable differential
geometry text.

We first recall the definition of a locally trivial vector bundle, over
a pointed space X, £ : F' — F — X. FE is called the total space and
F=rYx)~F'F=RorC.

there is a diagram

Ely, -5 F"xU;
! |
U; = U;
On the intersections there are the maps
Nij =T, oTy: F" ><L{ ﬂZ/l' — F™ x U; (\U; which induce maps (also

denoted Nij) Ui U; N F(n) (F(n)is O(n) if F =R, U(n)if F = C).
The {\;;} satisfy the following composition laws:

(1.1)

o (1) Aix = Aij o Nj on Uy U N Uk

o (2)\; = 1dent1ty

o 3\ =

o (4) N\ jisa Contlnuous map from U; (U, to F(n)

Notation 1.2.
e X will denote an n dimensional, C*°, compact, closed, oriented man-
ifold.
e r; : R" — R denotes the j-th coordinate function. In particular % 8
the usual partial with respect to the j-th coordinate.
e x; denotes rj o where ¢ : U — R" is a local chart, U C X.
e C(X,x,R) denotes the C* functions from some neighborhood of x €
X to R. Notice that x; may be viewed as an element of C(X,x,R).
o C(X,R) denotes the C* global functions f : X — R. More generally
C(X,Y) denotes C* functions from X to Y.

Definition 1.3. A tangent vectorv, atx € X isamap v : C(X,x,R) —
R such that
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(1) v(f +g) =v(f) +v(g)
(2) v(Af) = Avu(f)

(3) v(f-g) =v(f)g(x)+ f(x)v(g)
for f,ge C(X,x,R),A € R

LOC&HY U(f) = Ealain(f @) 90_1)|50_1(x)
We denote a%(f o ¢~ 1) by 6ix,- and write v = Ya;-2- (locally).

ox;

Let T'(X, x) denote the vector space of all tangent vectors at x. Then
for ¢ € C(X,Y) there is a linear map

dy: T(X,x) — T(Y,9(x))

defined as follows. For v € T(X,x),9 € C(Y,9¥(x),R) di(v)(g) =

v(g o)
With

T(X) = JT(X,x)

we have a commutative diagram

Locally if v = Eai% then

B (w) = Solys o)

(2

{yi} local coordinates functions for a neighborhood of 1 (x) in Y.
Definition 1.4. 7%(X) is the dual of T'(X).

Locally T*(X) can be identified with {df|f € C(X,x,R)}. From
the above we have df : T(X,x) — R on a vector v is defined by
df(v) =v(f) € R. {dx; €e T*(X,x)|i = 1,---n} span T*(X, x). In fact

. o) 9\ def 5 —
dx; is dual to 5 - because dxi(a_xj) = 5 (%5) = 4.

Definition 1.5. A smooth section, w, to the bundle T*(X) — X is

called a 1-form.
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Locally w = Ya;dx; where a; € C(U,R), (U C X). For example if
felC(X,x,R),df = Zaixi(f)dxz- In fact a; = Zajdxj(aixi) = df(aii) =
8
o ()
Notation 1.6. To generalize the above we define:
oA (X) = U AMT*(X,x))
xeX
oA (X) = DA (X)
k
e A smooth section to the bundle A*(X) — X is a k—form. The space
of k-forms is denoted QF(X,R).
e A smooth section to the bundle A*(X) — X is a differential form.The
space of differential-forms is denoted Q0*(X,R).

There is a unique map

(1.7)
d: QF(X,R) — Q"X R)
such that:
e d(f) = df(df as in the paragraph after 1.4) where f € C(X,R)
is thought of as a O-form (R = Q°).
o dluAT)=du AT+ (=) undr(p e Q*(X,R))
e d’=0
Locally if w = Yardx; then

0
dw = Iz,]ja_xj(aI)de A dx;p

(I a sequence of non-negative integers iy < ig- - < i, dx; = dx; A
dxs -+ N\ dxy)

Definition 1.8. A volume element is a choice of basis for A™(T*(X, x)).

For example dxy N --- A Xx,,.



APPLICATIONS OF ELLIPTIC OPERATORS AND THE ATIYAH SINGER INDEX THEOREM
2. DEFINITION OF AN ELLIPTIC OPERATOR

Notation 2.1.
e Let U C R™ be an open set, t = (t1,---t,) an n-tuple of non-
negative integers. |t| = Xt;. Define
.1 ol

it ox oxi? - - Oxtn

o Ifv e T*(X,x) with v = Yv;dx; then vt = vi'vi - -vf» € R.

Let A, B be finite dimensional complex vector spaces, C(U, A), C(U, B)

C* functions, as before (with the compact open topology).

Definition 2.2. A linear differential operator of order r is a linear

map
D:C(U,A) — C(U, B)
such that
D(f)= ¥ ¢D'(f), f € C(U, A)

[t|<r

where gy is a C* function, g, : U — Hom(A, B) i.e. g:(u)is a matriz.
Now suppose E, F' are complex vector bundles over X.

Definition 2.3. A differential operator, D, is a linear map
D:I'X,FE)—-T(X,F)

(T is the space of C* sections with the compact open topology) such that
U;» F
there ezist linear differential operators, D; on U; such that D(f)|y, =
D;

there exist open sets U; which cover X where E v, are trivial and

Let 7 : T*(X) — X be the projection. For g € X letg : X — R such
that v, = dg) € T%(X,q) and s € I'(E) such that s(q) = e, € R.

Now write
™MD (e™s) = Npy(s,9) + - Aipr +po € T(X, F).

For fixed g, s — p.(s,g) is a homomorphism of £, — F, which only

depends on the derivative of g, i.e. v.
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Definition 2.4. The symbol op : 7*(E) — 7*(F) of the operator, D
15 defined by
1
UD<U7€) = mpr(&g)

for D and r-th order differential operator.

Example 2.5. Let D = =29 Then

m 0Xiq
o 0 .
e*)‘g _(67‘)‘95) =
ox;, 0%,
0 Jdg
e—”\g_[i)\—ge“\gs + lower terms in \| =
ox;, 0x,
dg 0
2222999 o L lower terms in A
8XZ'1 8Xi2

In local coordinates we suppose dgx = 2§;dX;, & = % then

oltl

—iAg
t1 t
axl DR axn’ﬂ

. (e95), = il"I\¢ls(q) + lower terms in A

Finally

op(vg,€) = |t‘2:]Tgt(x)vte eF

i.e. op is the leading term of D with v! substituted for D?.

Definition 2.6. D is an elliptic operator if op(v) is an isomorphism
for all v # 0.

ie. op : m(E) — n*(F) is an isomorphism of the fibers away from
the zero section of T%(X) — X.
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3. PROPERTIES OF ELLIPTIC OPERATORS

Reference for this section is [P].

Theorem 3.1. If D is an elliptic differential operator then
D:T'X,E)—-T(X,F)
has finite dimensional kernel and finite dimensional cokernel.

Proof : [P] page 178.

Definition 3.2. The index of the elliptic operator D is defined to be
IndexD = dimc( kernel D) — dimc( cokernel D).

Theorem 3.3. (Stability of the Index) Index D is invariant under

“deformations” through elliptic operators.
Proof : [P] page 185.
Corollary 3.4. The index depends only on the symbol.

Proof : If D; and D, have the same symbol then t(D;) — (1—t)Dy is a
deformation of Dy to Dy which is elliptic at each stage. q.e.d.

We now assume E and F' have a Hermitian inner product.

Definition 3.5. A formal adjoint for D is a differential operator, D*
such that for s € I'(E),t € I'(F)

[0t = [ 000

Theorem 3.6. For a fized metric, there is a unique formal adjoint.
Furthermore

es(D") = (o(D))"

ecokernel D = kernel D*

eIndex D = dimckernelD — dimckernel D*

e/nder D = —Index D*

Proof : Locally the existence of D* is integration by parts.

Finally we have

Proposition 3.7. If D! is an (-order differential operator
D':T'(E) — I'(F)
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and D? is a k-th order differential operator
D? . T(F) — T'(G)

then
e = a¢(D?)a (D)
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4. EXAMPLE OF AN ELLIPTIC OPERATOR

We start with slight changes in notation. For V' a finite dimensional,
real vector space:
e \*(V;R) denotes the Grassman algebra.

oA (V) =A(V;R)®C.
oA\ (X) = A*(X).
e()*(X) = I'(A*(X)) = Complex differential forms.

d: QF(X) — QM(X)

is the complexification of the map in (1.7).
Our first task is to determine oy4(v) : A*(T*(X, q) — A*(T*(X, q).

Proposition 4.1. 04(v) = iA, where A,(a) =v A a.
Proof : For w(q) = a,dg = v we have

(4.2) e ™d(eMw) =
e M [de™I A w(q) + lower terms in \] =
e M[iAdge™ A w(q)] + lower terms in \ =

1AV A o + lower terms

So o4(v) = iv A a. q.ed.

Having chosen a Riemannian metric for 7%(X) we can define a metric
on A*(X;R) by
Definition 4.3.

(Vi A= Avp,wy A -+ A wy) = det| (v, w;)|

A*(X;R) is orthogonal to A*(X,R) if k # s

This induces a well defined Hermitian metric on A*(X). Let d* :

QX)) — Q(X) be the formal adjoint of d with respect to this

metric.

Theorem 4.4.

P o —
A:(Ul A--- A vp) = igl(—l)wrl@’ vi>T*(X,x)U1 N NN+ Ay,

where —  denotes deletion, and v; € T*(X, x).
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Proof : We need to show that (A,a, B)a« = (o, AXB)a« where v =

ar A Aoy € AR B =B A A B € APy b € T%(X, x) and

(—, —)ax given by (4.3). So we must show that
(vAa,fB) =

<C¥, E(_1>’L+1 <U7 6@>/61/\ . /\BZ te '/\/BkJrl) = E(_1>’L+1 <U7 6i><a7 ﬁl/\' : /\B\Z o '/\ﬁk+l>
But this is just the expansion of the determinant (v A«, 3) by minors

of he row containing v. q.e.d.

Corollary 4.5.
(Ao = A7)*(a) = —Jv[ 0.

Proof : Let a = oy A -+ A ..
(A, = A))*(a) =
(A, — A Aa—S(=1)"" v, a)ar A @y Aayg] =

—(v, V) A Aap+S (=) v, ) vAar A - @ A =S (= 1) v, a ) vAag A - @A =

= [[v[]*e
(we have used A2 = (A*)*=0.) q.ed.
Now
(4.6)

Oara-(v) = i(Ay — A7)
(the negative sign is a consequence of the fact that the inner product

is Hermitian) and
Odrds © Tara (V) = 0(gpa2(v) = ||v][*a.
It follows that d + d* is elliptic.

Definition 4.7. The Laplace operator, A is defined to be (d + d*)? =
dd* + d*d.

Proposition 4.8. ker(d+ d*) = ker(A) = {z|dx = d*z = 0}

Proof : If (d + d*)z = 0 then clearly A(z) = 0. Suppose A(z) = 0

then

0= / < Azr,x >= / < (d+d")z, (d+d*x >= / < dz,dr > +/ <d'z,d*x >
X

Since both terms are zero it follows that dr = d* = 0. q.e.d.
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Definition 4.9. ker A = the Harmonic forms.

Using the sequence
YoV _d. Ot

we define
Definition 4.10. H"(X;C) = ker d/image d.

By proposition (4.8) a Harmonic form represents an element of H*(X, C).
We say o € H*(X; C) has a harmonic representative if 3a € kerA such
that [a] = .

Theorem 4.11. (Hédge Theorem) Every class in H*(X;C) has a

unique harmonic representative. i.e. kerA = H*(X;C).
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5. EXAMPLE: THE EULER CHARACTERISTIC

Index(d + d*) = 0 since d + d* : 2" — Q* is self adjoint. Notice that
d 4+ d* - Qeven Qodd'

Definition 5.1. D, = (d + d*)|qeven
Theorem 5.2. Index(D,) = x(X) = the Euler characteristic of X.

Proof : kerD, = kerAlgeven = dimH***(X, C).
cokerD,, = ker D} = ker(d 4 d*)|qoss = kerA|goa = dimH*"(X; C)
o Index D, = x(X). q.ed.

Theorem 5.3. (Hopf) If u is a nowhere vanishing vector field on X
then x(X) = 0.

In order to prove (5.3) we give an alternate description of o4 4+. For
a real vector space V with inner product (—, —) let ey, -+ ,ex be an

orthonormal basis.

Definition 5.4. CULff(V) is the free associative algebra, with 1 gener-
ated by {e;} subject to the relations
ov-v=—|||-1,1€ ClifV), veV.

®c; - € = —€5-6

As a vector space ClLiff(V')is generated by e;, - - - €;,, 11 < g < -+ < iy.
Hence as a vector space A*(V') ~ Cliff(V'). via the map e;, A---Ae;, —
ei, - -~ €i,. So we think of A*(V') as endowed with two ring structures,

exterior and Clifford multiplication.

Definition 5.5. L, is defined by L,(a) = v -« (- denotes Clifford

multiplication,).

Note: Cliff(V)has a Zy-grading CLiff(V)° @ ClLiff(V)". Cliff(V)° =even
grading, Cliff(V)l = odd grading.

Theorem 5.6. L,(a) = (A, — A¥)a forv e T*(X, x)

Proof : L, and A, — A} € End(A*) are linear in v. It therefore suffices
to verify (5.6) for v =e;,a =¢e;; A+ Ney,.

Case L. ¢; # ¢;, any 4p.. Then L, =e¢;-(e;, -€;,) and (A, — AY)a =¢e; A
(ei, Ao Aey, ) —S(=1)"Hey, e, )ei, Ao- € A Ney, = esNeg, A+ Ney, ).
Hence L,(«) :r(Av — A?)a after identification.
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Case II. ¢; = ¢;, for some i,. then L,(a) = (—1)"¢e;, -+ €, - - €5,

(AU—A:)(Q) = \elr Nejg Noes A eie/_z(_1>t+1<€ir7 eit>6i1/\' o EZ/\' ’ '/\6” = Lv(a)'

~~
=0

Corollary 5.7. 04,4« = iL,

Proof : This follows from (5.6) and (4.6). q.ed.

Notice that (4.5) follows from the Clifford identities.

Now continuing with the proof of (5.3). We identify T'(X,R) with
T*(X,R) via the metric. The vector field, u determines a non-vanishing
I-form, which we also denote by u. Define B, : Q*(X) — Q*(X) by
B,(a) = aAu. B is the adjoint and, as in (5.6) R, = B, — B;, is right
Clifford multiplication. R? = —||u|[%id. Furthermore R, sends Q°dd
to Q€VeN and visa versa. So we have a diagram:

oeven  Da Qodd

(5.8) lRu J/Ru
odd Pz neven

We claim that (5.8) commutes on the symbol level.
Proof : On the level of symbols, using (3.7), and thinking of R, as a
zero order operator we have
ORr,op, (V) = (va)u, opwog, (V) =v(au).

The claim now follows for the associative law in CLff(V).
Hence by (3.4)

Index (R, o D,) = Index (D} o R,)

But R, is an isomorphism (since u # 0). So

Index (R, o D,) = Index (D,)
Index (D} o R,) = Index (D})
Hence by (3.6) Index (D,) = x(X) = 0.
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6. EXAMPLE: THE SIGNATURE INVARIANT

Let V be a finite dimensional, real vector space. (—, —) a symmetric,
non-degenerate , bilinear form on V. Thereis a basis {e1, -+, em, f1, * , fu}
of V' such that <€i7 €j> =0 — ’i,j, <f1, fJ> = _51'7]'7 <€Z', f]> =0.

Definition 6.1. The signature of (—, —) is defined to be m — n.

Now let X be a closed oriented manifold of dimension n = 4k. Then
on the real vector space H?*(X;R) we have the bilinear form {(a, 3) =
a U B[X]. This form is symmetric (because n = 4k) and non-singular

(because of Poincare’ duality).
Definition 6.2. Sign(X) = signature((—, —) ).

We now look for a differential operator whose index is Sign(X).

Let w € A"(X) be a volume form, i.e. wy = e; A--- A e, where
ey, -+ e, is any orthonormal basis for 7*(X, x).

An operator * : AP(X,R) — A" P(X,R) is defined by the formula

(6.3) AA )] = (A ) agwx
for A, u € A% and for t € A*,[t],, denotes the term with grading n.
By linearity there is induced

x: AP(X) — A"P(X)
and
*; QO (X) — Q" P(X)
Locally, if e, - - - , €, is a basis of 7*(X, x) (with the same orientation

as ey, - - e,) then

(6.4) (BTN NEp) =€ N Ney,
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Properties of % : Q* — Q*

Since * is the complexification of a real operator we have

(6.5) +(B) = ¥B.

Such an operator is called a real operator.
Note: If V' is a complex vector space with a conjugation, v, we define

VR to be the fixed space of conjugation and we have
(6.6) V=WwmaC.

If L:V — W is an operator which commutes with conjugation (i.e. a
real operator) then L induces Lg : Vg — Wg and L = Ly ® C.

Proposition 6.7. If a € A’ then x xa = (—1)'a

Proof : Let a =e; A---e; then xa =e; 1 A--- Ae,

(6.8) (AN (k%)) = (\, xa)wy

Let A =e;41 A---Ae,. Then «xa = €ee; A -+ Ae;. From (6.8) we
have
eleipi N Neg Neg A~ Ne)) =ep A+ Ney
Hence € = (—1)""=9) = (—1)’ q.e.d.
We also have, from (6.3)

(69 [t = [ @nsa,
X X
In fact the notation [y (o, ) stands for the integral [y (a, G)w.

Proposition 6.10.
d* = — * dx

Proof : Let f € QF, g € QP! We must show that

[ty = [ (.- a)

Now d(f A (%g))n = (df A (xg))n + (—=1)P(f A d(xg))n, so we have

(6.11) /X A(f A (kg))n = /X (df A (+9))a + (~1) / (f Adg))n.

X
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But X has no boundary, so by Stoke’s theorem the left hand side of
(6.11) is zero. Using (6.7) and (6.9) we obtain

0= /X (df. g) + (~1)P(~1)" 7 /X (f, #d % g)

and (6.10) follows. q.ed.
Recall the dimension of X is n = 4k. Let aa € QP

Definition 6.12. 7(a) = (—1)@% * ()

By (6.7) 7%(a) = «a.

On each fiber we have the eigenspaces Ay+, Ax- of 7. We therefore
have a decomposition Ay = A+ @ Ax-. Because 7 : A* — A* is equi-
variant under the action of SO(n), we may glue A +and A, together to

obtain subbundles A (X) and A_(X) such that A* = A% (X) @ A* (X).
Correspondingly we get a decomposition Q* = Q* @ Q* and Q*(X,R) =
(X, R) P (X, R). So if ¢ € QL 7(p) = £o.

Proposition 6.13.
T(d+d*)=—(d+d)r
Proof : Use *? = (—1)% on QF, d* = — * d* and the definition of 7

q.e.d.

So d + d* defines a homomorphism
DS : Q+ — Q_

The formal adjoint of Dg, D% : 2_ — €1 is the restriction of d + d*.
Theorem 6.14. Indez (Dg) = Signature(X)

Proof : Let A = (d +d*)?, 7A = Ar. Identify ker A (=harmonic
forms)with H*(X;C). We have 7 : H*(X;C) — H*(X;C) such that
72 = id and a decomposition

H*(X;C) = H}(X;C) P H*(X; C).
So Index (Dg) = dim H;(X;C) — dim H*(X;C). We first look at
HYX;C)@ H"*(X;C),¢ < 2k. Then 7 leaves this invariant. Let

o)~ {r e HY(X;C) P H" “(X;C)|7(x) = £a} ¢ < 2k,
c (=2
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Then

(6.15) H;(X,C) = (PH.

<2k
(To see this let y € HL(X,C) bey = y° +y' +---y",y* € H'. Then
apply 7 to Xy’ and use the definition of HY.) The argument in the
parenthesis shows that for ¢ < 2k, H{ = {z £ 7(z),r € HYX;C)}.

Using (6.15) we see that the map = — x £ 7(x) gives an isomorphism

HYX;C) — HL(X;C),l < 2k.

So Index (Dg) = dim H?* — dim H?*
On H?(X;C) 7 =  (because (—1)%(2571>

operator we have

k= 1). Since 7 is a real

H*(X;C) = H¥*X;R)® C
(see (6.5)) and Index (Dg) = Real dim H?*(X;R)—Real dim H?*(X;R).

By the DeRham theorem the form a U b is given by fxa A 3 on
H?*(X;R). Now let @ € H?*. Then

aUa:/aAa:/aAT(a):/a/\*a:/(a,a>>0

If 3 € H?* then

ﬁUﬁz/ﬁAﬁzﬁ/\—T(ﬁ)z—/ﬁA*ﬁ«)

We also have

auﬁz/a/\ﬂ:/om—r(ﬁ):—/a/\*ﬂ:—/m,mA*
6Ua:/ﬁ/\04:/ﬁ/\7(a):/ﬂ/\*a:/(ﬁ,@/\*

But on H?* (o, B)a« = (B,a)p, aUB = BUa. So H*1LH?*.
q.e.d.
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7. A THEOREM OF ATIYAH, FRANK AND MAYER

Recall the definition of Clif f(V) (see 5.4). For V = R" (—,—) =
the usual inner product, we denote Clif f(R™) by C,.

Let M be a real vector space which is a Clif f(V), module. We
say M is a Zy graded Clif f(V), module if M = M°@ M' and
ClUff(V), - M) C M (i,j € Zy). The following result requires
a deeper knowledge of the structure of Clif f(V), and will be proven
in §8.

Theorem 7.1. If M admits the structure of a Zy graded Clif f(V)y
module then the dimension of M is divisible by 2a; where ay is given
by the table

The main result of this section is

Theorem 7.3. If X is a compact, boundaryless manifold of dimension
n = 4k with r linearly independent vector fields then Signature(X) is
divisible by 2a,..

Proof : We may take the fields to be orthonormal. Let vy,--- v,
be these fields. (Note: we are identifying T(X) with 7%(X) using the
metric as in the proof of (5.3).) There are the operators R,, : Q* — Q.
Claim 1 R,, commutes with 7.

Proof : (of claim 1)We show that L,(a) = (=1)*7(a) (L, = left
Clifford multiplication with the volume form, w).

This need only be checked for o = e; A- - -Ae, for which it is clear that
L,(a) = £7(«). The sigh is left to the reader. Claim 1 now follows
from the associative law for Clifford algebras. So R,, : QL — Qf.
Because {v;} are orthonormal, the relations defining Clif f(V), (see
(5.4)) imply

R, o R, = —R, o R, (i # j),R:, = —id.
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It was shown (c.f. (5.8)) that 04,4+ commutes with R,,. Let G be the
group generated by {R,,}. The relations among the R,,’s imply G is
finite. Define the operator

1
|G|

Since R,, € G, T' commutes with G. Also since 04,4~ and R,, com-

. *\ —1
T=17 Eeld+d)g

mute o = 0444+ Therefore by the stability of elliptic operators (3.4)
Index(T)=Index(Dg). But for T, ker{T : Q, — Q_} is a module
over G = C,. Furthermore Q, = Qi}ven@did gives a Z, grad-
ing to ker(T). Similar comments apply to coker(T) = ker{Q_ —
Q. }. Therefore by (7.2) ker(T) — coker(T) = Index T' = Index Dy =
Signature(X) is divisible by 2a,.. q.ed.
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8. CLIFFORD ALGEBRAS

The reference for this section is [ABS]. Let V be a vector space with

orthonormal basis e, - - - e;. Recall the definition of Cy,.

(8.1)

Cy. is the free associative algebra generated by{e;} subject to therelations

eie; +eje; =0,i#j,e2 =—1

Definition 8.2. C; is the free associative algebra generated by {e;}

subject to the relations e;e; + eje; = 0,0 # j,e2 =1

C;. is introduced in order to calculate C;. There are isomorphisms:

(8.3)
U:Chpo > CLRC v:Chy— Cr®Cy
(8.4)
CGoC~C xC
(8.5)
Chia~CRC Cpy=CRC)
(8.6)

Cris =~ Cr, @ R(16)
(We use the notation F'(n) for the algebra of n x n matrices over F,
F = R,C, or H' There are relations F' ® R(n) = F(n), and F ®
(RPR)=FE F.) All tensors in the following are over R.
Proof : of (8.3). Let ey, - ,ex be algebra generators for C and
e}, e} algebra generators of Cj. Define u : R¥? — C; ® Cy by
ule) =1®e;, ulex) =1®eq, ule;) =€ oReeqif 3<i < k4 2.
The u takes the defining relations to zero and passes a homomorphism
H is generated by elements 1,1, j, k such that 12 = j2 = k2 = —1, and
ij = —ji =k, jk=—kj=iki=—ik =]

If a = ag + a19 + asj + ask,a = ag — a1t — asj — aszk
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Cri2 — C; ® Co. For dimension reasons w is an isomorphism. v is
defined in a similar way.
Proof : of (8.4) e; — i€, extends to an isomorphism.
Proof : of (85) C4 = C; ® Cy (by (8.3)) 50 Chyy = Cp 1, ® Co =
Cr ® C;, ® Cy = Cp, ® C4 A similar argument calculates Cj, 4.

To prove (8.6) we have to understand C, for small k.

k=1 C; is generated by 1 and e; with the relations ¢? = —1, i.e.
C,=C.

k=2 C, is generated by 1, e1, 5, e1e2. By sending 1 +— 1,¢e; — i, e5 —
j,e1es — k we obtain an isomorphism C, ~ H.

C5 is generated by 1,¢€!, €}, €| €. By sending

L (1 0) o (1 0 ) oo (0 1)
0 1)1 0 —1)'72 10
we obtain an isomorphism C} ~ R(2).
As a corollary of (8.4) and the case k = 1 we have C® C~ CPC,
and H® C~ C® R(2) = C(2).
k=3
CG~CeC=RoR)eH=HoH

C,~C ®C=CaR2) =C(2)

CimCiC=R(2) @ H=H/(2)
Cy~ Cy ® Cy = H(2).
To prove (8.6) we need

H® H~ R(4).
To see this we think of R(4) as Lg(H), real, linear maps of H to H.
Define w : H®@ H — Lg(H) by w(z; ® x3)(z) = x12T2. By inspection
w is onto. For dimension reasons w is an isomorphism.

Continuing with the proof of (8.6), we have Cp s = Cpry ® H(2) =
C,@H2) @ H(?2) =C, o H Ho R(2) ® R(2) = C; ® R(16).
Claim 4 C,_; = C,g
Proof : Map o ® x; € C)_, PCL_, to zg + epwy € Cp

Putting all this together we have the following table.

(8.7)
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k11 2 3 4 5 6 7 8 9
C.|C H HOH H?2) CA RE REORE)  R(16) CI6),
C'R C H HOH H?Z) CE) RO RO ORE) R(16)

Crig =Cr ® R(lﬁ)
Now if M is a Zy-graded C, module then M° is a C! module and
must be a direct sum of irreducible C? modules. These have dimensions

divisible by a,. (Notice that there are two different representations in
dimensions 4 and 8). Since M° ~ M* (7.1) follows.
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9. A DIVERSION: CONSTRUCTING VECTOR FIELDS ON SPHERES
USING CLIFFORD ALGEBRAS

In this section we show how Clifford algebras may be used to con-
struct vector fields on spheres. We will make no use of previous sections,
nor will it be used in subsequent sections. We simply include it for the
readers amusement.

Write n as odd 2%9+¢ 0 < ¢ < 4.

Definition 9.1. The Hurwicz-Radon number, p(n) is defined by p(n) =
2°+8d

It may be seen from table (7.2) that R™ is a C,(,,)—1 module. i.e. there

is an action R x Cy)—1 — R™ and p(n) is the largest such number.

Theorem 9.2. There are p(n)—1 linearly independent vector fields on

Sn—l

It is wonderful theorem of Frank Adams that there are not p(n)
independent vector fields on S™!.

Proof : We define a map
p: R x R® — R”

by

(ei,r)—ei-r, 1<i<pn)

(€pny,T) — T

For 1 <i < p(n) let u; : R™ — R" be defined by u;(r) = p(e;,r). In
particular u,,) = the identity.

Notice we have an inner product on R which was used to define
Cpn)—1- We have not yet specified the inner product on R". Let U/ be
the group generated by w; € GL(n). By the Clifford identities U is
finite (in fact it has 2" elements). For (—, —)" and metric on R™ we
define

1 !/
(@, y)n = mguw(as), u(y))

with respect to this metric w; € O(n). For future reference we list

the identities among the u; which follow from the Clifford relations for
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i< p(n):
up = —id , w4+ wju; = 0,if i # j.
We shall show that the above relations will imply a relation among

the two norms. Specifically for z € S™1

(9.3)

ieCy, )l = 1yl pn)-
From this it will follow that for z € S, 4, y, € R?™ we have

(Y1, ), (Y2, ©))re = (Y1, Y2) o)

Proof : We write || — ||gr as || — ||«

(9.4) (py1, @), (Y2, T))n =

%(Hu(yl,w) + 12, )| = [yr, 2)lln = (112, 2)[]n) =

1
§(||y1 + Y2l oy = N Ulpm) — v2llpm)) = (W1, ¥2) pn)

From (9.4) it follows that {u;(x)}i=1,..p(n) are mutually orthonormal.
for z € S, Since u,(,) = the identity we have proven (9.2) once we
have proven (9.3).

Proof of (9.3). It suffices to show that ||u(u,x)||, = 1 for z €
S™ 1 yllpmy = 1. This is equivalent to proving that u(y, —) € O(n)

for any ||y||,m) = 1. i.e. we must show that

p(n) p(n)
( 4_1611'61',13) = 21 aui(z) =1

p(n)
for 'ga? =1, x€S™ ! Sowe have to prove that v = Ya;u; € O(n)
for Ya? = 1. We recall that a linear transformation, w, belongs to O(n)
& ww* = 1 where w* is the adjoint. In particular w* = w™!. For w = v,

we have u* = u; ' = —u;. Now

(9.5) ww* = (Bau)(S(au)) = Saluul + 3 aza(wivy + ujuy)
1<)

Because Ya? = 1 the first summation is 1. For j = p(n) in the second
summand u; = u; = the identity and uiu;(n) + Upyu; = u; —u; =0

for i < p(n).
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For j < p(n)
ugu; + uju; = —(uuy + uju;) = 0.

So ww* = 1 proving (9.2). q.ed.
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10. TOPOLOGICAL INVARIANTS OF THE INDEX. THE ATIYAH
SINGER INDEX THEOREM

To discuss the topological part of the index theorem it is best to
work in K-theory. For the purpose of these notes we only need the
cohomology calculation of the index. Because of this we shall only
outline the required K-theory. We also outline the needed facts about
ordinary cohomology and Chern classes. Further references are: [A],

Notation 10.1. A complex vector bundle will be denoted by Greek
letters, £,m etc. Vect,(X) = {n — dimensional vector bundles over X}
up to equivalence. Vect(X ) = @PVect,(X).

Note: If X is not connected we allow different dimensions for the
bundles over the various path components.

Vect(X) is a semi group under Whitney sum.

For a semi group, G, K(G) denotes the Grothendieck group of G.
ie. G x G/ ~ where (o, 3) ~ (¢, ') if dc € G such that a + ' + ¢ =
o + [+ c.

Definition 10.2. For X compact K(X) = K(Vect(X))

if f: X — Y is a continuous map then K(f) : K(Y) — K(X) is
induced by the pullback of bundles.

Each element of K(X) is of the form [¢] — [n] where [—] denotes the
class of a bundle in the Grothendieck group. K (X) has a ring structure
induced by the tensor product of bundles.

For a point, p, K(p) = Z. If X has a base point, *, the map * — X

rank

induces a map K(X) — Z.
Definition 10.3. K(X) = kernel(rank)

Let %(X) be Vect(X)/ ~ where € ~ n if there are trivial bundles
€, € such that £ @ e* =~ n @ €.

(10.4)

K(X) = Vect(X)
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where £ € 17g/ct(X) corresponds to [¢] — [rank &) € K(X).

Note: This identification does not behave well with respect to ®.

(10.5)

K(X,A) = K(X/A)
Note: X/ = X|J{ disjoint point}).

de finition
For X locally compact X' denotes the one point compactification

of X For X compact X+ = X/@. Then K(X) = K(X™).

(10.6) The clutching construction

Let X = X;UXse, A = X;[Xy. We have to assume the triple
(X1, X5, A) is reasonable. Assuming all spaces are C.W. complexes
and subcomplexes will suffice.

Let n; be a vector bundle over X; and ¢ : 1|4 — 72]|4 an isomor-

phism.

Definition 10.7. The clutching of n, with ns via ¢ , m Ugo M2, 15 defined
as m \Unz/ ~ where e; € m|a ~ p(er) € 2|a.

m U, me is a vector bundle over X and n; [, 72
([H] or [A]) for details.

As an application of the clutching construction we describe the im-

x, =ni,t =1,2. See

portant difference construction.
Let 7, and 79 be vector bundles over X with ¢ : 1|4 — 72|4 an
isomorphism. Let ¥ = X;|J, Xo (X; = X). Then we have an exact

sequence

K(X)) <= K(Y) <& K(Y, X)) ~ K(Xs, A) = K(X, A)

Since there is a folding map making the composite X; Ly fol)i X

the identity if follows that j is an injection (c.f. [A]). There is the
element n, |J, 72 — fold(m) € K(Y). i(mU,n2 — fold(m)) = 0 so
there is a unique element, (11, o, n2) € K (Y, X1) mapping to m U@ Ny —
fold(ny) via j.
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Definition 10.8. The difference bundle is defined to be (n1,¢,m2) €
K(Y7 Xl)

Notice that the map K (X, A) — K(X) sends (12, @, m1) to [12] — [m].
Recall the definition of an elliptic operator, D (2.6). op : 7*(E) —
7 (F) is an isomorphism away from the zero section. For any bundle,

1 let ny denote the non-zero vectors. Then the difference element,

(m*(E),op, 7*(F) is an element of K(T*(X),T*(X)).
Definition 10.9. We shall denote this class by [op].

The map K(T*(X),T*(X)o) — K(T*(X)) sends [op] to [7*(F)] —
[ ()]

For a complex bundle, 7, there are the Chern classes, ¢;(n) (see [MS]).
The total Chern class is defined to be ¢(n) =14+ c¢1(n) + -+ cx(n) (n
is a k plane bundle). We formally factor ¢(n) as

k

c(n) = H(l +wy)  w; is given degree 2

i=1
The w}s do not have any meaning, however the elementary symmetric
functions in the w.s do (as the Chern classes). Hence any polynomial
in the elementary symmetric functions in the w.s has meaning. Con-
versely any symmetric polynomial in the wis is a unique polynomial
in the elementary symmetric functions (see [H]) therefore makes sense.

The important polynomials for us are

(10.10) Ch(n) = Xe"

Wi
(10.11) T =]] =
Ch is the Chern character, 7 is the Todd genus. Notice that C'h and
7 lie in H*(X,Q) where H** =[] H*.
Let n* = B be a real, oriented, k& dimensional real bundle over a
compact base B. (We write n* for the total space as well as for the
bundle.) 7* : H*(B) — H*(n) is an isomorphism. There is a class

U € H*(n,no) such that there is a Thom isomorphism map, i.e.
(10.12) ola) =7"(a)UU



APPLICATIONS OF ELLIPTIC OPERATORS AND THE ATIYAH SINGER INDEX THEORE29

is an isomorphism (¢ : HY(B; Q) — H*™*(n,n0; Q))

The Thom isomorphism is true with integral coefficients. Since we
are only interested in rational cohomology it has been stated for coho-
mology with Q coefficients.

Let x(n) € H*(B) be the Euler class of i (see [MS]) and ¢ : H*(n, 1) —
H*(n) Then the fundamental relationship between x(n) and the Thom

class is

(10.13) 7 (x(n)) = ¢(U).
Let D be an elliptic operator over X?¢.
Definitions
eCh(D) = (—1)*¢ Lch([op]) (see 10.9).
o7 (X)=T(T(X)®C)

Definition 10.14. Indez,(D) = (Ch(D)T(X), [X])

where (—, —) is the Kronecker pairing and [X] is the fundamental

class.
Theorem 10.15. (Atiyah Singer Index Theorem)
Index,(D) = Index(D).

Note: Index;(D) can be described entirely in terms of K—theory.

While we will not discuss this formulation here, it is quite important.
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11. BOREL HIRZEBRUCH THEORY AND CHARACTERISTIC CLASSES

A references for much of this material are [MS], [BH].

Let G = SO(2¢) orU({). There is the maximal torus 7 C G. For
G = U({), T* corresponds to the diagonal matrices. For G = SO(2()
T* corresponds to matrices with 2 x 2 blocks

(a: —y) x+iye St
Yy s

on the diagonal. Bg and Br denote the classifying spaces.
B =(CP* x---CP™

-~

4
e H*(Bre; Q) = Q[ay, - - 4], 2 € H*(Bye; Q)
T* — G induces p : H*(Bg; Q) — H*(BQ)

Theorem 11.1. (Borel-Hirzebruch) p is an injection. The image is as
follows:

e (a) G = U(l) The image of p is the ring of symmetric poly-
nomials over Q. The element € H*(Bg; Q) corresponding to
the 1—th elementary symmetric function is the universal Chern
class, ¢;. 1+c1+---+co=[[(1+ ;) via p

e (b) G = SO(20) The image of p is the ring of polynomials
symmetric in x? and the element xy---xy. The element €
H*%(BcQ) corresponding to the i — th elementary symmetric
function in the x?’s is the universal Pontrijagin class, ;. 1+

o1+ 90 =[[(1+22). The universal Euler class corresponds

to [

In the sequel we shall identify H*(Bg; Q) with its image via p. A
(complex) G—module is a (complex) vector space, M with an action
of Gon M.

Definition 11.2. M = Eg x¢ M (Eg x¢ M = Eg x M/ ~, where
(eg, g~ 'm) ~ (e,m)).

We wish to understand the characteristic classes of M. For this we

introduce an isomorphism

v:Hom(T,S") — H*(Br;Z)
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where T is the torus and S' = R/Z. We identify S' with U(1) via
the map s — €™, (s € R/Z). Then for f : T — S' = U(1)we
obtain a map By : By — Byy(1) which defines a line bundle, {; over Br.
v(f) = c1(&y), the first Chern class.

Case 1 Suppose M is a complex vector space of dimension n. By
restriction M is a 7' module (T C G). Then M is a direct sum of

irreducible T' modules of dimension 1

M:Ml@"'@Mn

and 1" acts, for m € M; by

27rz'w]- (t)

t-m=c¢e m

for w; € Hom(T,S'). The w;’s are called the weights of M. Using v
we may think of the w;’s as elements of H?(Bp;Q). We then have the

formula

L+ e (M) + -+ eu(M) =1+ w)
[Here we re identifying H*(Bg) with its image via p). So C’h(M) =
et

The Pontrijagin classes of the underlying real bundle, M’ are

L+ o1 (M) + -+ 0, (M) = [ +w?)

Case 2 Suppose M is a real vector space of dimension 2n. By
restriction M is a T’ module. Hence M is a direct sum of 2—dimensional

T modules.

(11.3) M=ME - PHM,

Give M a G invariant metric. Then with respect to an orthonormal
basis of M;

Lo — (cos27rwj(t) —5m27rwj(t)) m

sin2rw;(t)  cos2mw,(t)
m € M;,w; € Hom(T,S"). Again we call w; the weights of M which

now depend on the orientation of M;. The total Pontrijagin class is
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L+ pu(M) + -+ + pu(M) = [J(1 +w?)
If M is oriented and (11.3) agrees with the orientations then we have

for the Euler class
X(M) =T ] (ws).

The weights of M ® C as a complex bundle are +wy,--- , tw, and

—_—

1+c(M®C)+++¢,(M&C) = [T +w) (@ —w) =] —wp).

So we have the formula

pi(M) = (=1)'ex(M & C)
which in [MS] is taken as the definition of the ;’s.
As a consequence if p(T(X)) = [](1 + y?) then

(11.4) T(X) =T(I(X)© C) = [[ (=) (-

l—e %1 —e¥
With these preliminaries behind us we are now ready to calculate
index;(D). The secret is to pass to the universal case. For this we

assume the Riemannian structure on X2 is specified as follows:

e There is an fixed oriented, real SO(2¢) module ,V.
e We have a principle SO(2¢) bundle. P over X.

e There is an orientation preserving isomorphisms y : P xg V =

7(X).
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12. VERIFICATION OF THE INDEX THEOREM FOR D,

Convention 12.1. The methods of this and the following sections ap-
ply to bundles, n — X which are of the form PxcM for some G-module
M (G =580(20)), P a principle G bundle over X.

For example:
o A"(X) =P xg A (V)
o AL(X) = P xg AL(V)
Let f : X — Bg classify P — X. Then T(X) = f*(V) (see (11.2)

for definition of ‘7) Recall the diagram involving the symbol op

(12.2)

T(E) I ai(F) E F
N\ e N e
T*(X) -, X

This gave us an element [op] € K(T*(X),T*(X)y),(10.9).

Let £ and F be SO(2() modules defining £ and F as described in
(12.1). E, F the vector bundles over Bg (as in (11.2)).

We have the diagram

(12.3)
THE) 22 1(F) E F
N / R /
V* SN Ba

We assume there is an isomorphism

op 7 (E)|p. — 7 (F)

[ 7

so that the resulting diagram pulls back via f to diagram (12.2). This
can be done if o : V' — Iso(E, F) is G— equivariant as in our case
where o(v) = iL,. The difference construction gives an element v €
K (7, T) with £*(3) = [op]. (Here £ : (T*(X), T*(X)o) — (V*, V).
The effect of all this is to pull all the data back to the universal situation
over BSO(2(). We fist calculate Ch(D) (see (10.14)).

Theorem 12.4. Suppose X(XN/*) € H*(Bg, Q) is not zero, then

Ch(M) — Ch(N)

Ch(D) = f*((=1) _
(D) = (==

) =1
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Here X?¢ is a manifold with classifying map f and wy,--- ,w, are
the weights of V. Note the difference between C'h(D), the character of
an operator and Ch(M) or Ch(N), the character of a complex vector
bundle.

First, by the Borel Hirzebruch theorem (11.1) H*(Bg; Q) has no zero
divisors so the quotient is well defined. Furthermore the last equality
follows from section §11.

By the universality of C'h and the Thom isomorphism it suffices to
prove the theorem in H**(Bg;Z). That is to show that

X(V*) U@ 'Ch(y) = Ch(M) — Ch(N).
Let i : (V*,¢) < (V*,V7) be the inclusion. We look at the diagram:

KEWV.Vy) = K(V*,¢)

lCh LCh

)

H**(V*, ‘70*) AN H**(V*, ¢)
I
H*(BoiQ) ™5 H™(Ba; Q)
¢* and 7 are isomorphisms. The upper square commutes by the
naturality of C’h. The bottom square commutes by (10.13).

The commutativity of the diagram yields

P (Ch(7)) Ux (V") = () "' Ch(iv)

But by the remark after (10.8) i(y) = 7**(E) — «**(F) and (12.4)
follows. q.e.d.

We now have to calculate Ch(E) — Ch(F) for E = AV (V) F =
Aodd(y),

Proposition 12.5. Let M be a complex G bundle with weights wy, - -+ , w,.
then

S (-1'Ch(N (M) = [T(1 - )

In our example M = V ® C. If the Pontrijagin classes of V are
[1(1 + 42) then the complex weights of V ® C are +y;. So (12.5)

implies
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Theorem 12.6. Let X*" be an oriented, Riemannian manifold, D, the
Euler class operator then index:(D,) = x(X)[X] (x(X) is the Euler
class of T(X)) and the index theorem is true for D,.

Proof : By (12.5) Ch(A®VeY(V @ C)) — Ch(A°9d(V & C)) = [](1 —
e¥)(1 — e ¥). Hence Ch(D) = H%, see (12.4). Here the
y; are the elements in the formal factorization of p(T'(X)) = [](1+y?).
Since 7(X) =[] % we have (Ch(D)7T (x), [X]) = ([ v, [X]) =
x(X) and (12.6) follows. q.e.d.
Proof : of (12.5) Let ey,--- ,e, be a basis for M such that t -e; =

e?wille; (see section 11). Then
{eil/\---/\eik|z‘1 < v <Zk§n}

is a basis for A¥(M) and

tre, N---Nej, = 627”(“’1'1+"'+“’ik)ei1 ARERWAN-
So the basis of elements {e;; A---Ae;, } can be used to describe the
weights of A(M). That is to say the weights of A¥(M) are {w;, +---+
wy, i1 < -+ < i < n}. Therefore

(CCR () = BT T (e = T -e)

o Jj=o011<-<i;<n

NE

j
q.e.d.
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13. THE INDEX OF Dg 1S THE HIRZEBRUCH L-GENUS

The reader is referred to §6 for the definitions of Dg, %, 7 and Q4 (X).

Proposition 13.1. Let V' be an oriented 2—dimensional real vector
bundle. Let y be the Euler class of V' (so the Pontrijagin class p(V') =
y?) then

Ch(A (V& C)) — Ch(A_(V&C)) = ¥ — ¢V,

Proof : : By naturality we may assume V is the universal oriented R?
bundle over BSO(2). Then the Euler class of V' may be described as
follows:

Let y € Hom(T*, S') (T' = SO(2)) be the weight which sends

sin 2w  cos 2wl

- <cos 2w —sin 27r8)

to § € S'. Where A is an arbitrary matrix in SO(2). Then the bundle
&, defined by y is V and the element identified with y € H*(BSO(2);Z)
is the Euler class (i.e. the first Chern Class of the canonical line bundle
over BSO(2)) of V. Let ey, e; be an orthonormal basis of R%. Then

ke = €9, %ey = —eq, %1 = e1 A eg,x(eg Aey) = 1.
Since the dimensions of V' is 2 we have
7(a) = (-1)77T *ix(a)
for a € A¥. k =0,1,2. Thus a basis for A is
{1+i(e1 Ney),eq +iex}
and a basis for A_ is
{1 —i(e; Ney),er —iea}

Now the weights of V&C are defined by the formula A-v = >™s(7) .y,

So for A as above we have
A-(1+iereq) = 14i(cos 2mhe;+sin 2mhes ) A(— sin 2mfe; +-cos 2mles) = 1+i(e1Aes).

So the weight = 0 for this generator.

A similar calculation shows that

A (ey Hiey) = T2 (e) +iey).
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Now A4 (V ®C) is the direct sum, [1+4ie; Aes] Pler +ieq]. (Here [—]
denotes the 1-dimensional vector space spanned by.) So the weights of
A are 0 on the first factor and —y on the second. Hence Ch(Ay) = 1+
e Y. Similarly Ch(A_-) = 1+¢Y and (13.1) follows. q.e.d.

For V and W even dimensional real vector spaces, let a € A¥(V), 3 €
AY(W). The the definition of * implies

xygw(aAB) = (—1)M v (@) A s (B).
it follows that

vew(aAB) =1v(a) ANTw(B).

From this is clear that

(13.2)
A (VERW) = (A (V) @ A (W) DA (V) @ A_(W))
ALV W) = (A (V)@ A- (W) PA-(V) @ AL (W)

By restricting to T C SO(2€) we may assume V is a direct sum of
2 dimensional bundles V;. The multiplicative properties of the Chern

character show that

Ch(A, (V) — =[[Ccra (Vi) = A_(V2)
(Here we are using (13.2.) Now we use (13.1) to prove
Theorem 13.3. Let V' be a real oriented SO(2n) module of dimension
2n Let yq, - -y, be the weights of V', then

Ch(h: (V) = Ch(A-(V) =[] 7o i s X

Corollary 13.4. Index;(Dgs) = [ —4— T [ | In particular the Atiyah-

Singer Index theorem implies the Hirzebruch L-genus theorem.

Sign(X) =[] ;i X

Proof : :
ey —Yi

Ch(Ds)T(X) =[]

—1Y; ‘1_e_yi‘1_eyi
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Tl (o)
B cosh( yZ/Q) Yi
H sinh(y;/2) H tanh(y;/2)

If we replace y; with 2y;, then the term in dimension 2k is multiplied

by 2*. Therefore if the dimension of X is 2n we have

2%index;(Dg) = H %[X]

Cancelling the factor of 2" gives the result. q.e.d.
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14. THE HIRZEBRUCH RIEMANN ROCH THEOREM
Notation 14.1. Notation and Preliminaries

Let X be a complex analytic manifold of real dimension 2n. Let
21, , 2, be holomorphic coordinates, z; = x;+iy;. Then the collection
{z;,%;} form a local coordinate system for X as a real manifold.

The bundle £ = A(T*(X)) ® C has a direct sum decomposition £ =
ere where locally &7 looks like

P
Zail,...7ip,jl7..,jqdzil VANRREIVAY dZZ‘p N dzjl VANRREIVAY dgjq
(as.; are C*™ functions). 9 : T'(£)P4 — T(£)P9H is defined as 9(f) =
Z%dzl- A w where f = hw,h € C®°(M,C),w =dz, N---NdZj; \---
let n be a holomorphic vector bundle over X. &P ® n is called the
bundle of differential forms of type (p,q) with coefficients in 7.

Proposition 14.2. There is a unique 0;T'(¢ @ n) — T'(£ @ 1) such
that if O is an open neighborhood in X, f € I'({|o), and g € T'(n]o) is
holomorphic, then O(f @ g) = 0(f) ®@ g

Sketch of proof: (For details see [P] page 79.) The Cauchy Riemann
equations imply % = (0 <= h is holomorphic. One extends d by the
product law. Since the transition functions for n are holomorphic, two
extensions agree on intersections of coordinate patches. This allows us

to define a global extension. q.e.d.

Remark 14.3. If X has a Riemannian structure, n a Hermitian struc-
ture then £ @ has a canonical Hermitian structure. There is a formal

adjoint of the operator O which we denote by V

The definition of the Hermitian structure on £79®mn, the construction
of the adjoint and much of what follows are analogous to the construc-

tions in §2 - §4. We leave the proof of the following to the reader
Proposition 14.4. 9+ V is elliptic.

The proof is similar to the proof that d + d* is elliptic.
Let 0 = V0 + 9V (this is analogous to the definition of A.) Then

(145) D) =0e @+V)(e) =0s ) = V(g) =0.

Analogous to the DeRham complex we have
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Definition 14.6. The Dolbeault complex is the chain complex

92, 77®50’q i n®€0,q+l i

The analogue of the DeRham theorem is

Theorem 14.7. (Dolbeault’s theorem) The cohomology of the Dol-
beault complex is isomorphic to the sheaf theoretic cohomology group
H*(X;Q(n)).

Definition 14.8. ¢ € T'(£%7 @ n) is harmonic if O¢ = 0.

By (14.5) a harmonic form € kerd = ¢ represents an element of

H*(X;Q(n)). The complex analogue of Hoge’s theorem is the converse.

Theorem 14.9. Every element of H*(X;$2(n)) has a unique harmonic

representative.

Definition 14.10.
fe _ @fO,Qq ® n
q

50 _ @50,2q+1 QN
q
We have an operator D, = 0+ V : ['(€¢) — T['(£°). Analogous to

theorem (5.2) we have

Theorem 14.11. Index(D,) = B(—1)'dimH*(X;Q(n)) = x(X; Q(n)),
the Euler characteristic of X with coefficients in 2(n).

We now calculate Index,(D,). Let G = U(n), V a G-module of
(complex) dimension n. Let P — X be a principle G—bundle associ-
ated to T'(X). Then T(X) = P xg V as a complex bundle.

Let M'= X AV),N= % AT

k=0 mod 2 k=1 mod 2

Remark 14.12. @E%% = P xg M’ since £%7 involves the conjugate
q
basis {dz;}. Similarly for &%+
q
Suppose 7 is a Hermitian complex vector bundle over X of complex
dimension m. Let P’ be a principal U(m) bundle over X and W a
U(m) module such that n = P Xy () W. This amounts to choosing the

Hermitian structure on 7. P’ and W are constructed analogously to P
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and V. Let M = M'@ W, N = N'® W. Write 7 (X) for the Todd
class of the complex vector bundle 7'(X) and 7 (X,.) for the Todd class
of T(X), ® C. (T'(X), is the underlying real bundle of T'(X).)

Theorem 14.13. (Hirzebruch Riemann Roch Theorem)
Index,(Dy) = (Ch(n)T (X), [X])

Remark 14.14. The pre-Atiyah Singer index version of the Hirzebruch
Riemann Roch theorem was know only for X a projective algebraic

variety.

Proof : (of (14.13)) Let f : X — BU(n) x BU(m) classifying P x P —
X. (P x P" — X. is the pullback of P x P’ via A : X — X x X.)

Let V. be the underlying real bundle associated to the complex bun-
dle V. Let the weights of V' be x4, ---x,. Then the weights of the real
module, V, are also x1, - z,. So C(V) = [[(1+x;), o(V,) = [[(1+z3)
and x(V;) = [ x:.

V has a Hermitian inner product, (—, —) compatible with the action
of U(n). As a consequence © — (—,x) sets up a U(n) isomorphism

VeVs Thus V ~V ~ V as U(n) modules. Now apply (12.5) and

we get:
Ch(M) — Ch(N) = CA(W)]J(1 — ™)
From (12.4) we have

Ch(D,) = f* (Oh(W)ﬁ%)

- (H% )
~annr (TN

Let X, be the underlying real C*° manifold of X. T'(X,) = f*(V})
Note V, = Eym ¢V, and f is applied first factor.
(n)

Since the weights of V. are xy,--- , x, we have by (11.4)

=/ H < —e %] —xei“%)
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and
cny70e). ) = entn [T (=) (1= = ) |

=t TL (1= ) X1 = cnt) T X

1 —e %

q.e.d.
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