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We study a Wiener disorder problem of detecting the minimum of N
change-points in N observation channels coupled by correlated noises. It is
assumed that the observations in each dimension can have different strengths
and that the change-points may differ from channel to channel. The objective
is the quickest detection of the minimum of the N change-points. We adopt
a min—max approach and consider an extended Lorden’s criterion, which is
minimized subject to a constraint on the mean time to the first false alarm.
It is seen that, under partial information of the post-change drifts and a gen-
eral nonsingular stochastic correlation structure in the noises, the minimum
of N cumulative sums (CUSUM) stopping rules is asymptotically optimal as
the mean time to the first false alarm increases without bound. We further
discuss applications of this result with emphasis on its implications to the ef-
ficiency of the decentralized versus the centralized systems of observations
which arise in engineering.

1. Introduction. The problem of quickest detection has been known in the
engineering literature since the 1930s. Since then there have been various analyt-
ical considerations of the quickest detection problem in a variety of models and
setups (see [30] for an overview). The quickest detection problem, also known as
the disorder problem, concerns the detection of a change point in the statistical
behavior of a stream of sequential observations. The objective is to blanace the
trade off between a small detection delay and small frequency of false alarms.
Of this problem there are two main formulations, the Bayesian and the min—max.
In the former, the change point or disorder time is assumed to have an a priori
distribution usually independent of the observation process while in the latter it
is assumed to be an unknown constant. An interesting variation of the Bayesian
problem in which the change point is assumed to depend on the observations is
discussed in [26] and treated under Poisson dynamics in [32].
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Yet in all formulations considered thus far, it is assumed that there is either one
stream of observations in which there is one [7, 14, 20, 23, 24, 33] or multiple
alternatives regarding the law of the post change distribution of the observations
[5, 8, 9], or alternatively, multiple streams of observations of various models all
undergoing a disorder at the same time [11, 25, 35-37]. In our work, we assume
that there are N sources of observations coupled by correlated noise. The observa-
tions are assumed to be continuous and thus a Wiener model is used. The problem
considered in this work is that in which the N different streams of observations
coupled by correlated noise may undergo a change at N distinct change points.
The objective is then to detect the minimum of the change points or disorder times.
Of this type of problem there has thus far been a Bayesian formulation in indepen-
dent streams of Poisson observations [6]. Recently, the case was also considered of
change points that propagate in a sensor array [31]. However, in this configuration
the propagation of the change points depends on the unknown identity of the first
sensor affected and considers a restricted Markovian mechanism of propagation of
the change.

In this paper, we consider the case in which the change points can be different
and do not propagate in any specific configuration. In fact, in our formulation the
change points or disorder times are assumed to be unknown constants and a min—
max approach to their estimation is taken. In particular, we consider an extended
Lorden criterion to measure the worst detection delay over all observation paths
and change points. The objective is then to find a stopping rule that minimizes the
detection delay subject to a lower bound constraint on the mean time to the first
false alarm. The N streams of observations are coupled through correlated noise.
In particular, correlations are modeled through a stochastic correlation matrix that
is assumed to be nonsingular and predictable. This work is a continuation of the
problem considered in [18] in which the case is considered of independent obser-
vations received at each sensor. In that work, it is seen that the decentralized system
of sensors in which each sensor employs its own cumulative sum (CUSUM) [30]
strategy and communicates its detection through a binary asynchronous message
to a central fusion center, which in turn decides at the first onset of a signal based
on the first communication performs asymptotically just as well as the centralized
system. In other words, the minimum of N-CUSUMs is asymptotically optimal
in detecting the minimum of N distinct change points in the case of independent
observations as the mean time to the first false alarm increases without bound. The
mean time to the first false alarm can be used as a benchmark in actual applications
in which the engineer or scientist may make several runs of the system while it is
in control in order to uniquely identify, the appropriate parameter that would lead
to a tolerable rate of false detection. The problem of optimal detection then boils
down to minimizing the detection delay subject to a tolerable rate of false alarms.
Asymptotic optimality is then proven by comparing the rate of increase in detec-
tion delay to the rate of false alarms as the threshold parameter varies. A series of
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more recent related work includes the case in which the system of sensors is cou-
pled through the drift parameter as opposed to the noise [17, 39]. In that work, it is
once again seen that the minimum of N-CUSUMs is also asymptotically optimal
in detecting the minimum of N distinct change points with respect to a generalized
Kullback-Leibler distance criterion inspired by [24].

Yet, in none of the above cases is the case of correlated noise considered even
though it is very important in practical applications. In fact, there are multiple
applications of this problem especially in the area of communications where sen-
sor networks are widely used and multiple correlated streams of observations are
present. The change points, usually representing the onset of a signal in a specific
sensor, may well be distinct. The minimum of the change points then represents
the onset of a signal in the system. The presence of correlations is due to the fact
that, although sensors are placed typically at different locations, they are subject
to the same physical environment. For example, in the case of sensors monitoring
traffic in opposite (same) directions may have negative (positive) correlations due
to environmental factors such as the direction of the wind [10]. Moreover, the ap-
pearance of a signal at one location may or may not cause interference of the signal
at another location, thus causing correlations whose structure may even be time or
observations dependent. This happens when the sensors are closely spaced relative
to the curvature of the field being sensed. For example, temperature sensors or hu-
midity sensors that are in a similar geographic region will produce readings that
are correlated. A stochastic correlation matrix would best describe such a situation.
Some of the relevant literature that includes such examples can be found in [1-3,
12,19, 21, 28].

In an earlier work [38] the authors treat the problem of quickest detection of
the minimum of two change points in the special case of two streams of sequential
observations when the correlation in the noise of the observations is constant and
negative and the same drifts are assumed after each of the disorder times. This work
treats the general case of N correlated streams of observations in the presence of
partial information regarding the post-change drifts which can as such be different.
Moreover, we consider a general stochastic correlation matrix allowing for both
positive and negative time and state dependent correlations in the system. The
results found in this work are in fact rather surprising. It is seen that the minimum
of N-CUSUM stopping rules maintains its asymptotically optimal character as
the mean time to the first false alarm increases without bound even in the case
of partially known drifts and a stochastic correlation matrix coupling the noise of
N streams of observations. In particular, it is proved that the N-CUSUM stopping
rule (defined in Algorithm 2.1) is second-order asymptotically optimal?® in the case
the post-disorder drift parameters assumed across the N streams of observations
are the same, and is third-order asymptotically optimal when the post-disorder drift

2See Definition 2.1 below.



3408 H. ZHANG, N. RODOSTHENOUS AND O. HADJILIADIS

parameters are different for an appropriately chosen set of threshold parameters
whose form is explicitly given.

The method used to prove the asymptotic optimality of the N-CUSUM stopping
rule is to bound the optimal detection delay from above and from below. Then we
examine the rate at which the difference between the upper and the lower bounds
approach each other as the mean time to the first false alarm increases without
bound. This method is similar to [13, 16-18, 24, 29, 38, 39]. However, the method-
ology developed in this work for establishing the upper and lower bounds is more
efficient and robust in that it is based on probabilistic arguments. In contrast, the
existing work in continuous-time, which is either relied on brute computation of
the asymptotic behaviors of maximum drawdown densities [18] or on the deriva-
tion of sharp solutions to Dirichlet problems with Neumann conditions [17, 24, 38,
39], is very difficult in high-dimension and highly sensitive to the model param-
eters. The methodology developed in this paper is universal and can thus handle
a non-Markovian, predictable correlation matrix process for the noises, which is
very useful in practical applications. Finally, our methodology can be applied to
other detection problems not covered in this paper, for example, quickest detec-
tion with multiple alternatives [15, 16]. In establishing the lower bound, we give
a nontrivial generalization of a measure change technique developed in [24] to
N-dimensions. Although we do not get the exact optimality as in one dimension
[24], we do prove that the optimal detection delay in N-dimensions is bounded
from below by that obtained in one dimension, under any predictable, nonsingular
correlation matrix.

In the next section, we formulate the problem mathematically, review the ex-
isting results in one dimension, and introduce the N-CUSUM stopping rule. In
Section 3, we establish a robust upper bound and a robust lower bound for both the
optimal detection delay and the detection delay of the N-CUSUM stopping rule.
These bounds are then used in Section 4 to show the main result of the paper—the
asymptotic optimality of the N-CUSUM stopping rule under complete or partial
information of the drifts and a stochastic cross-correlated noise structure in the ob-
servations. Applications of these results are discussed in Section 5. We conclude
with some closing remarks in Section 6. The proof of the lemma that is omitted
can be found in the Appendix.

Throughout the paper, we denote by s A t = min{s, t}, R = (—o0, 00), Ry =
[0, 00) and R = [0, oo].

2. Formulation of the problem. Consider a filtered probability space (2, F,
I, P) with filtration F = (F,),>0, and the processes £ ) := {Et(’)},zo, i=1,...,N,
are assumed to satisfy the following stochastic differential equations:

@2.1) A& = pilyszydt +dw®.
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Here, {1;}1<i<n are deterministic but unknown positive constants or oo, {it; }1<i<n
are positive constants’ that are either completely known or partially known. In the
latter case, we assume that @ > 0 is a known constant, and fori =2, ..., N, there
are known positive constants | < < T such that u; € [,u ;] holds. 4 The

processes {w(i)}1<i< ~ for w® = {w, ) }i>0 are N correlated standard Brownian
motions with a predictable, nonsingular, stochastic instantaneous correlation ma-
trix X, = (,o,’j ). That is, ,o,’] is the instantaneous correlation between Brownian
motions w® and w/) (see also [34], page 227).

An example covered by the above assumptions is one in which p;”/ = pe™" for
i # j and some p € (0, 1). In other words, there is a deterministic exponential
decay in the instantaneous correlation of the two sensors i and j. Such a situation
may arise by the sudden arrival of a passing rainstorm at sensors i and j, which are
customarily placed in the same geographical region and are therefore also subject
to the same climate conditions. Yet our formulation is even more general in that it is
also able to capture state dependent correlations which is a very realistic scenario
since observations of higher intensity are typically more likely to cause higher

;o @ ()
correlations in the noise, for instance, N =2 and p,”’ = %e" for i # j.
t t

Another example of a correlated nonstationary white noise structure arises in the
problem of monitoring the vibration of a mechanical system and is discussed in
full detail in Section 11.1.4.1 of [4].

To facilitate our analysis, we introduce a family of probability measures on
the canonical space (C(Rﬁ),lﬁ‘): {PSL---,SN}(sl,...,sN)e(K+)N~ Here, Py, ., corre-
sponds to the measure generated on C (Rf ) by the processes (1, ..., €™)) when
the change in the N-tuple process occurs at the time points 7; =s;, 1 <i < N, re-
spectively. In particular, the measure P~ characterizes the law of N correlated
standard Brownian motions {w(i)}lsis ~. For other s;’s, the measure P, ., can

. . . ]P)_S N
be defined through the Radon—-Nikodym derivative process fﬁ?ﬂi’ﬂ - To this
end, we assume that the correlation matrix X; fulfills the Novikov condition:

1 dPy,.
o ool (2], ) -
o0 o0

Vt>0,¥(sy,...,sn) € RN
We comment that the “reality” measure Py,

(2.2)

,zy 1s one unknown element in

{inw}(sl,...,sN)e(R)N .

3The condition can be relaxed. For example, if we know a priori that p; < O (but not necessarily
the value of it), then we can take —& ) as the ith observation process so that the post-change drift is
—u; > 0. We do not treat in this paper, however, the case in which we do not know the sign of the
post-change drift.

4ar (i is known, we can conveniently take M =T = Wi
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To describe the “marginal” law of the ith component of the N-tuple pro-
cess (€M, ..., ™) we also introduce the measure {P5,}, which is the proba-

bility measure generated by the process £) on the space (C(R), G®)), where
GO = (GP},50 for G = o {(&"); s <1}, is the natural filtration of €@, and
1; = s; is the value of the change-point for process &),

Our objective is to find a stopping rule 7', which is adapted to the natural filtra-
tion F = (Fp)s>0: Fr = o(gé”, cee S(N); s <1), to balance the trade-off between
a small detection delay subject to a lower bound on the mean-time to the first false
alarm and will ultimately detect 7y A 72 A - - - A Ty, which will be denoted by 7 in
what follows. As a performance measure, we consider
s A (T =TI F5),

.....

(2.3) J(N)(T) = sup essup [,

where s =51 Aso A« Asn, Ky, sy denotes the expectation under the probability
measure Py, ., and the supremum over s1, ..., sy is taken over the set in which
§ < oco. In other words, we consider the worst detection delay over all possible
realizations of paths of the N-tuple of the stochastic process {(S,(U sy ét(N))},zo
up to time §, and then consider the worst detection delay over all possible N-tuples
(s1,...,8n) over a set in which at least one of the components takes a finite value.
This is because T is a stopping rule meant to detect the minimum of the N change
points and, therefore, if one of the N processes undergoes a regime change, any
unit of time by which 7' delays in reacting, should be counted toward the detection
delay. Although it seems to be a quite pessimistic measure for detection delay, this
framework has the merit that one does not need to impose any prior knowledge of
the distribution of the change-points 7;’s, as discussed in [26]. In all, this gives rise
to the following stochastic optimization problem:

(2.4) Tin7f_ JN(T)  with T, = {F-stopping rule T : Eeo, _ oo{T} > v},
€ly

where Eoo, {7} captures the mean time to the first false alarm and as such
the above constraint describes the tolerance on the false alarms. In particular, the
constant y > 0 is the lowest acceptable value of the mean time to the first false
alarm. In other words, the reciprocal of y, namely %, captures the highest tolerance
to the frequency of false alarms of the family of stopping times considered in this
problem.

When detecting t; is our only concern, and that w; is a known constant, the
problem reduces to an one-dimensional problem of detecting a one-sided change
in a sequence of Brownian motion observations, whose optimality was found in

SNote that = needs not to be adapted to F. For example, ¥ can be driven by a N-dimensional
Brownian motion which is independent of w@s,
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[7] and [33]. It is shown that the optimal stopping rule under Lorden’s criterion
is the continuous time version of Page’s CUSUM stopping rule, namely the first
passage time of the process

D) dp ) _ ()
= Su —_— =Uu —m
T L ap g T T
(2.5) 1
for ft,(l) =W ;(l) — —pjt and ”~1z(l) = inf al",
2 O<s<t

and the CUSUM stopping rule with the threshold v’ > 0 is given by

(2.6) T‘ji, =inf{r >0:5" > v*}.

The optimal threshold v} is chosen so that

(2.7) Ego{iﬁ’*} =(2/ut)g(v})=y  where g(v):=¢e" —v—1,Yv>0.

The corresponding optimal detection delay achieved by the CUSUM stopping rule
T . is then given by

.. N o)
2.8) JI(TL) =BTy} = —58(—vy).
i

The fact that the worst detection delay in the one-dimensional problem is the same
as that incurred in the case that the change point is exactly at 0 is a consequence of
the nonnegativity and strong Markov property of the CUSUM process, from which
it follows that the worst detection delay occurs when the CUSUM process is at 0
at the time of the change (see also [23]).

The optimality of the CUSUM stopping rule in the presence of only one obser-
vation process with a known drift suggests that a CUSUM type of stopping rule
might display similar optimality properties in the case of multiple observation pro-
cesses for the problem (2.4). In particular, an intuitively appealing rule, when the
detection of 7 is of interest, is to take the minimum of N-CUSUM-like stopping
rules (see, e.g., [15]), which we formalize in the following algorithm.

ALGORITHM 2.1. The N-CUSUM stopping rule with a threshold vector A =
(hi,...,hy) € (R+)N is given by T = Thl1 A Thz2 ANEERN Th]\,/v’ where for each
i=1,...,N,

T;fl_ =inf{r > O:yt(i) > h;}

@G : : D1
(2.9) with yt(l) = ugl) — mt(l), for ugl) = Eist(l) — 2

andmgi) ;= inf u
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That is, we use what is known as a multichart CUSUM stopping rule [25], which
can be written as

y(l) y<N)
T, = 1nf{t>0 max{ ! ! }21},

hi "7 hy
where {y,(i)}tzo is the semi—martingale defined in (2.9), fori =1,..., N. We no-
tice that each of the Téi, fori =1,..., N, are stopping rules also with respect to

each of the smaller filtrations G®, and thus they can be employed by each one
of the sensors S;, for each i independently. Each of the sensors can then subse-
quently communicate an alarm to a central fusion center once its threshold, say 4;,
is reached by its own CUSUM statistic process y‘). The resulting rule, namely Al-
gorithm 2.1, can then be devised by the central fusion center in that it will declare
a detection at the first instance one of the N sensors communicates.

REMARK 2.1. From (2.5) and (2.9), it is easily seen that y) = 5@ and T}fi =
T,fl_, a.s., provided that p; = p, is known. In particular, we always have y =51
and Thl1 = TN“h]l.

While it seems prohibitively difficult to devise a stopping rule that achieves the
optimal detection delay infTeTy JMN(T) under a general nonsingular correlation
matrix (X;);>0, the above N-CUSUM stopping rule 75 provides a low-complexity
candidate detection rule for detecting 7.

In particular, we will show that the N-CUSUM stopping rule is asymptotically
optimal. To this effect, we give the following definitions of asymptotic optimality
as in [13].

DEFINITION 2.1.  Given y > 0 and a stopping time 7’ € 7,,, we say that:

1. T’ has the first-order asymptotic optimality for problem (2.4) if and only if

J(N)(T’)
lim - =1 and lim inf JN(T)=
y=ooinfrer, JN)(T) y—>0TeT,

2. T’ has the second-order asymptotic optimality for problem (2.4) if and only if
y—00 Yy—=>OTeT,

; (N) (7Y _ (N) (N)
lim [J (1" Tlél%] (T)]<oo and lim 1an (T) =

3. T’ has the third-order asymptotic optimality for problem (2.4) if and only if

lim [J(N)(T’)— inf J(N)(T)]zo and hm inf JM(T)=
y—00 TeT, O TeTy

Below we will investigate the performance of T} by contrasting it with the op-
timal detection delay.
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3. Robust bounds for the optimal detection delay. In this section, we ex-
amine the performance of the N-CUSUM stopping rule by presenting an upper
bound and a lower bound for both the detection delay of the N-CUSUM stopping
rule and the optimal detection delay defined in (2.4). To this end, we derive a robust
upper bound for the detection delay of a particular N-CUSUM stopping rule Tj
in 7,. Because T} cannot beat the unknown optimal stopping rule (if it ever ex-
ists), this upper bound will also bound the optimal detection delay from above. We
then demonstrate that the optimal detection delay in the N-dimensional system is
bounded from below by the optimal delay in 1-dimensional systems.

3.1. The upper bound. In this subsection, we derive a robust upper bound for
the detection delay of a N-CUSUM stopping rule 75, whose thresholds set # is
chosen so that T}, € 7, for any y > 0. The upper bound, that we obtain, also domi-
nates the optimal detection delay, due to the fact that J N(13) > infrefry JN(T)
holds.

Now let us introduce

3.1) JM(Ty = sup essupEy oy [(T —s)tIF ),

for j =1,..., N, where J ;N)(T ) is the detection delay of the stopping rule T
when s; < min;;{s;}, implying that the performance measure defined in (2.3) is
given by JNN(TY = maxj<;<pn J;N) (T). We now consider the case when all drifts
Wi’s are known constants. In this case, we select A such that

(3.2) Eo{Ty } =E§{Ti} = =Eg {T;) ],

or equivalently [by (2.8)],

1 1 1
—8(=h1) = —g(=hy) =--- = —g(=hy).
M1 M3 Ky
Due to the monotonicity of function g, /;’s are uniquely determined once 21 > O is
given. In general, if we only have partial information about w;’s fori =2,..., N,
we instead consider
1 1 1
(3.3) —g(—h) = —g(=h) = - = —g(=hn).
M1 5 Ky

By choosing the N-CUSUM stopping rule T} in this way, we are able to get an eas-
ily computable upper bound for the worst detection delay J V) (T}). The assertion
is proved in the following proposition.
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PROPOSITION 3.1. Suppose that h € Rﬁ satisfies the equations in (3.2)
or (3.3), then we have for the N-CUSUM stopping rule Ty, that

2
(34 TN <By{Ty) } = a8,
1
where the function g is defined in (2.7).
PrROOF. Forany (s1,...,sy) € E_A: such that s; < min;+;{s;} and s; < 00, we
have

Es,,...s N{(Th—Sj)+|fvj}=E.v1 ...... s N{(Thll/\"'/\Th]\zlv_sj)+|‘rs.i}
..... AT =) 17

. . + .
:}E.{j{(Thj/ _S]) |gsjj}’

(3.5) <Ky

where the last equality follows from the fact that the CUSUM stopping rule Thjj

is GU)-measurable and we can thus use the “marginal” law of the jth component
of the N-tuple process (£(V, ..., ™)), given in this case by the measure P} ;- By
taking the essential supremum and then the supremum over s, ..., sy such that
sj <min;»;{s;} on both sides of (3.5), and using the definitions in (2.3) and (3.1)
for N =1, we get that

(N) D (pJ i J +10Jj
(3.6) T (T < ¢ )(Thj) = sup essup ] {(7;/ —5;) 7161 }.
To get the conditional expectation in the above expression, we use the strong
Markov property of the processes y,(j ) (see, e.g., [27], Theorem 7.2.4) and apply
1t6’s formula to {g(—y,(J))}SA<t<Tj (see, e.g., [27], Theorem 4.1.2) for the func-

jEE=<Ay

tion g given in (2.7) (see also Shiryjaev [33] and Moustakides [24]), we obtain that
(by the monotonicity of g)

() :
g(=hj) = I{T}{']_Nj}[g(—y 1) —8(=y)]

T,jj
s 1
67 = I{T;{}>SJ}[/S,- (1= 5, ) s
T . :
[ s m]
Sj J

where the process m‘/) is given by (2.9) and the continuous square integrable mar-
tingale M = {M;},>0 is given by

AT O )
Mz=f0 w8 (=yg") dwg”.



ROBUSTNESS OF THE N-CUSUM STOPPING RULE 3415

Taking into account that the process m(j ) decreases only on the random set
{t =0: yt(j ) = 0} and the measure dmﬁj ) = 0 off this set, together with the fact
that g’(0) = 0, we conclude that the integral in (3.7) can be set equal to zero. We

then take the conditional expectations with respect to the probability measure IP’{ ;

given Qs’j in (3.7) and by means of the Doob’s optional sampling theorem (see,
e.g., [22], Chapter 1, Theorem 3.22), we have

hy>1 EJ T’jj 1 ds|Gi
g(_ ])— {Thjj>sj} sj{'/s‘j EJ(/’LJ_EEJ) Sgsj-}
(3.8)

w? .

Therefore, by (3.6) and (3.8) we have J;N)(Th) < %g(—hj). By the arbitrariness
of j, we have -
IM () = max N ()
1<j<N /

(3.9)

2 2 2

=maxy—g(=h1), ..., —5g(=hn) = —g(=h1),

M Ky M1

where the last equality is a consequence of the equations in (3.3). [

Condition (3.3) reduces the thresholds’ selection problem from N dimension
to one dimension. In order to bound the optimal detection delay in (2.4) using
the result in Proposition 3.1, we will choose 4| so that the resulting N-CUSUM
stopping rule 7 € 7,. That is,

(3.10) Eoo

To this end, we derive a lower bound for the mean time to the first false alarm
Eco.....0o{Tr}, which is robust with respect to the covariance matrix (X;);>¢. In
the sequel, we first study the case of equal drift size with complete information,
where 0 < 1 = o = --- = uny = u are known constant, and then treat the case
of unequal drift size with complete information, such that w;’s are all known and
0<p1 =pg=---= g <min;~ i; holds for some k € {1, ..., N — 1}. Finally,
we study the general case with partial information, where we only know 11 and
the intervals [ﬂi’ w1 p;foralli=2,..., N.

3.1.1. Equal drift case—complete information about w;’s. In this case, it is
assumed that all w; are known and u; =y =u > Oforalli =1,..., N. Then the
monotonicity of function g and (3.2) imply that Ay = hy = --- = hy = h for the
N-CUSUM stopping rule. Hence, with a slight abuse of notation, we denote by
Ty, = Tj,. Below we derive a lower bound for the mean time of the first false alarm
of the latter.
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PROPOSITION 3.2. Suppose that all thresholds of the N-CUSUM stopping
rule are chosen to be equal to h > 0. Then the first false alarm for the N-CUSUM
stopping rule Ty, satisfies

2
(3.11) Eco.... oo{Th}>—E1 {1,}= N2,
where the function g is defined in (2.7).

PROOF. Foranyi=1,..., N, we have
E;{T;{}=Eoo ,,,,, oo{Thi}ZEoo ..... ool Th} + Eeo, ..., oo{(Tii_Th)l{Tfi;ﬁTh}}

=K

(3.12) )
..... oo{Th} + Eoo,...,oo{Eoo,...,oo{T}i - Th|]:Th }I{T,f;éTh}}’

where the third equality follows from the tower property of the conditional expec-
tation and the finiteness of 7.
As in the proof of Proposition 3.1, we apply It6’s formula to {g(y, ))}Th <t<T
(see, e.g., [27], Theorem 4.1.2) to obtain that
2 ) Tf
(3.13) gly)) — s0) = 5 (T = T3) - /T gy dm? + My — M,
h

where the process m'") is given by (2.5) and the continuous square integrable mar-
tingale M = {M;};>o (with respect to P, ... o) is given by

i

t/\T
(3.14) Mt=M/ g9 dw.
0

Taking into account that the process m) decreases only on the random set

{t >0:y" =0} and the measure dm\"” = 0 off this set, together with the fact that
£'(0) = 0, we conclude that the integral in (3.13) can be set equal to zero. We then
take the conditional expectations with respect to the probability measure P . oo
in (3.13) and by means of the Doob’s optional sampling theorem (see, e.g., [22],
Chapter 1, Theorem 3.22), we have

2
(3.15)  Ex_oolg(vy)) = O} = 5Bl T} = Thl P ).

Therefore, using equation (3.15) in the expression of (3.12) we have that

2 . .
?gm) =E {7}

2
=Eeco...00{ T} + Exs.....00 {M (s(vy) — g(y(T’;))l{T#Th}}
(3.16)

2 :
=Eco....00{Th} + Eco,.., oo{ﬁ(g(m— (y%,}))l{T,#Th}}
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where the first equality and the function g are given by (2.7) and the third equality
follows from the definition of the one-dimensional CUSUM stopping rule in (2.9).
It follows that

2
/_L .
TEOO ..... oolTh} = g(W)Pw, .., oo(Th:T}i)-
Hence, by summing both sides overalli =1, ..., N, we get
NMZ il

— oo, ool Th} 2 801 Y Poc,__oo(Th = T;)

> g(W)Pe....0o(Th = T} for some i € {1,..., N}) =g(h),

which completes the proof of (3.11). U

As a result of Proposition 3.2, when u; = p foralli =1,..., N, forany y > 0
and any N-dimensional, predictable, nonsingular, stochastic instantaneous corre-
lation matrix X;, we can choose the threshold 4 using

(3.17) E!
Then we will have T}, € 7,,. Moreover, Proposition 3.1 implies that, both the op-

timal detection delay infTeTy JMN)(TY) and the detection delay of this N-CUSUM
stopping rule J ™) (T},), are bounded above by % g(—=h).

3.1.2. Unegqual drift case—complete information about p;’s. In this case, it is

assumed that all u; are known and 0 < @1 = o = --- = Uy < min;~x u; holds
for some k € {1, ..., N — 1}. Then the monotonicity of function g and (3.2) imply
that hy = hy = - -- = hy, for the N-CUSUM stopping rule 7. When k;’s are all

big, the condition (3.2) is approximately a linear constraint on #4;’s, and hence
h1 < min;~x h;. Intuitively, with high chances, T,fi for 1 <i <k will proceed

Thji for k +1 < j < N due to their smaller thresholds. Hence, it is expected that

..........

from (3.11). Below we rigorously show the validness of this heuristic argument.

'PROPOSITION 3.3. Suppose that the drifts ju; of the observation processes
t(l), i=1,...,Naresuchthat O < puy = p = - - - = Uy < min;~x w; holds. Sup-

pose also that the thresholds h satisfy (3.2). Then the mean time to the first false
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alarm for the N-CUSUM stopping rule Ty, satisfies

NoOEL{TI 1
Eoo,,..,oo{Th}z(l— > #)—El (7))
j=k+1Eé0{Thj«} ko

N
:(1_ Z Mjg(hl)) 2 2 (hy).

j=k+1 K1 g(h )
where the function g is defined in (2.7).

(3.18)

PROOF. Let us denote by Ry, := Thl1 Ao A T,{‘l. Forany k+1<j <N,
following similar arguments to the ones in (3.12) through (3.16), we have in this
case that

2 .
_2g(hj) = IEoo,...,oo{Thjj }
J

= Eoo..ool Tt} + Boo.oool (T3, = Ti) 7, i |}
i

(3.19) = Eoo...col T} + Enc....o0Boo..cooo T, = TulFn 1 7, i |}
J
2 () ()
<Eos,...o0{ T } + EIEOO ..... oo{(g(yT:jA) — 8 Mg, 2p )
J J J
2 2
< 5580+ —58(h)Poc..oc(Tn # T3 ).
which implies that
2
iy _ M g(h)
(3.20) Peo..... Th=T)<—L .
ool =Ti) w3 g(h))

On the other hand, for any 1 <i <k, we similarly have

2 2 :
80 = Eco....00{Ty,} < Eoo,...colTh} + ;g(hl)lpoo ..... oo(Th # T, ),
1 1
which implies that

2 .
Eeo,....0olTh} = Mzg(hl)Poo,...,oo(Th = T}il)-
1

Summing up both sides of the above inequality for all 1 <i <k, we obtain that
2
kEoo,....00lTh} = Eg(hl)Poo ..... oIy = Rhl)
(3.21) 21
= Zg(h)[1 = Pec....oo(Th # Riy)].
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However, we also have

Y j Al “3 g(h1)
(3-22) Poo,...,oo(Th 5& Rhl) =< E Poo ..... oo(Th = Th ) =< E ) s
; T g(hj)
j=k+1 j=k+1 K1 8V

where we used (3.20) in the above inequality. It follows from (3.21) and (3.22) that

N

2

Highy)\ 2
3.23 Eoo. oolTr}> (1 - —L —g(hy),
323) B, {h}>< jglu%gmﬂ)ku%g( )

which completes the proof. [J

As a result of Proposition 3.3, when w1 = -+ = ux < min;~ i4;, then for any
y > 0 and any N-dimensional, predictable, nonsingular, stochastic instantaneous
correlation matrix ¥;, we can choose the set of thresholds A using (3.2) and the
transcendental equation

N ]El {Tl } 1
(B =y

j=k+1 Eool T} } k
(3.24) N )

wieM —hy—1\ 2
- (1 -2 %W)ﬁ@’“ —h—1)=y.
jmkt1 M1 € R = M1
then the resulting N-CUSUM stopping rule T}, € 7,,. Again, Proposition 3.1 then
implies that, both the optimal detection delay infTeTV JMN)(T) and the detection
delay of this N-CUSUM stopping rule J N (T3), are bounded above by % g(—hy).
1

3.1.3. The general case—partial information about 1;’s. In this case, it is as-
sumed that only B, By s © = 2,..., N, are known, and that 0 < 1 < M =
Wi < ;. Without loss of generality, we assume that 0 < u; = My ==y, <
min; ..y, holds for some K={1,...,N—1}.

PROPOSITION 3.4. Suppose that the drifts ; of the observation processes
t(i), i=1,...,N are such that 0 < yu| = Py =0 =y, < min; -y i holds and
pi €[y, wil foralli=2,..., N. Suppose_also that the thresholds h;ztisfy (3.3).
Then the mean time to the first false alarm for the N-CUSUM stopping rule Ty,

satisfies

: 1R~ 1) g(h)
B leiskfm@ﬁi—m)( 2 w2 (i) g(hy)

K+1<j<N

where the function g is defined in (2.7).
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PROOF. According to (3.3), we have h; = hp = --- = hy. Let us denote by
Ry, = Thl1 A A T}{‘l/. Similar (3.20) in the proof of Proposition 3.4, for any
k'+1<j <N, wehave

7 1

g(hj)=Eoo ..... oo{/(; Jﬁ]-(,uuj—iﬂj)ds}
Tr 1

=Eoo ,,,,, oo{/(; E](Ml_iﬁj>ds}

i, 1
‘] — — .
+ Eco, ..., oo{Eoo ..... oo{/T E](M] Zﬁf)ds‘fTh}l{TFL#T;{j}}

() ()
+Ew..... oo{(g(yT;j ) _g(yY{i ))I{TrﬁéTth}}
j J

w2y —pmj) ;
< / 5 oo..,oo{Th11}+g(hj)IPoo ..... OO(Th#Thjj)
QR — 1)) j
==z st +gt)Pe. . oo(Th #Tj;,)-

1

It follows that

.....

W QI = 1)) g(hy)
> T gy

K+1<j<N K

On the other hand, for any 1 <i < k/, by Itd’s formula (see, e.g., [27], Theo-
rem 4.1.2) we have

T;, 1

g(i1) =Ens... oo{fo M1<m—5M1>dS}
Ts 1

=Eeo,..., oo{/ m(m——m)ds}
0 2

T, 1
4+ EFeo..... oo{Eoo,...,oo{/Th Ml(ﬂi - EMI)dS’FTh}l{Th;ATffI}}
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Tr 1
=Ew, ..., oo{/ Ml(ﬂi__lH)dS}
0 2

+ Eoo,...,oo{(g(y%f) ) - 80%3))1{&#;1}}
1

_ i —py)
ST, oo
which implies that
(2 — p)
T, Bee
Summing up both sides of the above inequality for all 1 <i <k’, we obtain that
Di<i<k H1(2R; — 1)
e
> g(h1)Pos,....00(Th = Rp,)
=g(h)[1 = Peo,._0o(Th # Rn,)]
w2 = 1) g(hy)
= g1 - S =,
2 ) g(hj)

K+1<j<N M

(3.27)

where we used (3.26) in the last step. The conclusion of the proposition follows
immediately. [

As a result of Proposition 3.4, when we only known | and possible ranges
for other drift u;’s, given any y > 0 and any N-dimensional, predictable, non-
singular, stochastic instantaneous correlation matrix X;, we can choose the set of
thresholds A using (3.3) and the transcendental equation

(328) (1_ i &j(zﬁj_ﬁj)ehl_hl_l> Z(Chl—hl—]) -
. j:k/+1 //L% ehj — h] — 1 Zlfl'fk/ Ml(zﬁl _ I/Ll) )

then the resulting N-CUSUM stopping rule T} € 7,,. Again, Proposition 3.1 then

implies that both the optimal detection delay infTeTy JMN(T) and the detection

delay of this N-CUSUM stopping rule J N (T3), are bounded above by % g(—hy).
1

3.2. The lower bound. In this subsection, we present a robust lower bound
for the optimal detection delay infrer, J (N)(T). In fact, we can prove a stronger
statement: for any stopping rule 7" € 7,, its detection delay J (N)(T), is bounded
below by the optimal detection delay in one dimension. The proof is accomplished
by a change of measure argument as in [24] plus a decomposition formula for the
Radon—Nikodym derivative in N dimensions.
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LEMMA 3.5. Let Q = Pwo... 00 be the law of the N-tuple process W; :=

.....

(wt(l), wl(z), s w,(N)) for the Brownian motions defined in (2.1). And let Q be

the law of the N -tuple process (1t + w,(l), w,(z), cee wt(N)). Then for all t > 0,
dQq O)

3.29 e’ gy

( ) d@ ]__[ ( )l‘

where u'" is defined in (2.5) and E(BV). is the stochastic exponential of the local
martingale B defined in (A.1)—(A.2). Moreover, the standard Brownian motions
driving BY are independent of w'.

PROOF. The proof can be found in the Appendix. [J

PROPOSITION 3.6. For any stopping rule T € T,, we have JNN(T) >
(2/;L%)g(—vf), where v} satisfies g(v}) = (M%/2)y for the function g defined
in (2.7).

PROOF. Let T be an arbitrary F-stopping rule such that E
and observe that

.....

.....

SER+

where T, :=T A T,} <T,as., and Tv1 is the CUSUM stopping rule given in (2.6)
for some threshold v which will be determined later. Clearly, 7, is a finite stopping
rule. In what follows, we will demonstrate that for any given & > 0, there exists a
v > 0 such that

~ 2
(3.31) JN(T,) > Pg(—VT) — &,
1

where v} is chosen so that g(v]) = (/L% /2)y and the function g is given by (2.7).
Because ¢ in (3.31) can be arbitrarily small, (3.30) and (3.31) will imply the asser-
tion in the proposition for i = 1. This is in a similar light as in [24].

By applying It6’s formula (see, e.g., [27], Theorem 4.1.2 and [24]) to
{g(_yt(l))}s/\T,,St<Tv and proceed by using similar arguments as in (3.13)—(3.15)
in Proposition 3.2, we obtain that, for any fixed s € R,

.....

(3.32) .
= pEs,oo ..... so{g (=) — g(=y)IF iz, =
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Using Girsanov’s theorem (see, e.g., [22], Chapter 3, Theorem 5.1) and Lemma 3.5
at the finite stopping rule T, A n for a fixed n > 0, we have that

Ey.00.....00 {8 (= V5 ) — (=Y F iz nnss)

o 0 EBMYg A, (1 1
— EOO ..... 0o{e“T\)/\n us =, W[g(_yﬂ,/\n) - g ( ) ‘JT-. }
S

X 1{TL,/\n>s}-

Consider the enlargement of filtration 7' = F; vV G (D Then clearly, 7/ = F; for

all r > Tvl, but on the event {T, A n > s}, for all t e[s, T, An] ClO, TV]], we
have F; C F/. By the tower property of conditional expectation, on the event that
{T, An > s},

(1) —u(D E(B(]))TU/\H (1) (1)
{e T . W[g(_yﬂ,/\n) - g ‘]: }

1) (1) 1
S oo{euT“/\" “8(=yna) — 8(=3)]
(3.33) i
E(B n
S UL N
(1) (1 )

E(BW);,
=Eco...oo{e ™ [g(=y,00) — 8 (=3I},

where the last equality is due to the fact that £(BD), is a F-exponential martingale
[under assumption equation (2.2)] driven by Brownian motions that are indepen-
dent of w» (see Lemma 3.5). Similarly, it can be shown that

M _,m
(3-34) 1{T,,An>s} = 1{TV/\n>s}Eoo,.4.,00{e Tonn 78 | }

We now let n 1 0o in (3.33) and (3.34). From the fact that uld ugl) < u(Tl)/\n —

TyAn
m(Tlv)An = y(Tl)A < v, and the monotonicity of function g(—#4), we have that

o _ W
0<e'fm™ <e’<oco and |g(— y(Tlv)An)—g( y )| <2g(~v) <00

Vn >0

and thus the bounded convergence theorem implies that, on the event {T), > s},
(3.35) l=FEc,., oo{euT“ s |~Fs},

Ey.o0....00{g(—y1)) — g (=3 )17}

1 (1)
=Eoo....co{e"® ™ [g(=y1)) — g(=y)]IF ).

(3.36)
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It follows from (3.30), (3.32), (3.35) and (3.36) that

- (1)
TN (T) B 0ole™ ™ | Fi iz, =)

= TN (T 11,55

= IEs,oo ..... oo{(Tv - S)+|]:s}1{Tv>s}

2 M _ (M
= S Beo oo™ [2(=3%)) = (=3 IF iz, -)-

(3.37)

Following the same arguments as in Theorem 2 of [24], we integrate both sides of

the above inequality with respect to (— dm;l)) for all s € [0, T,,] and then take the
expectation under P . o0. We therefore obtain that

.....

- a T 20
JfN)(TU)EOO,_,_,OO{e“va e (— dm§1>)}
0

2 o oo
> SB[ e fa(0f) — s (] )).
1

Notice that the measure dm( ) is supported on the random set {s | y(l) 0} ={s|

(1) =m sl)} and that g(0) = 0, thus we obtain that

(D () 2 (1) (1)
TN (L) En....cofe’l — e} > B[O — e g (- .
1
On the other hand, by letting s = 0 in (3.37) we have that
- (1 2 (1
TNV (T)Ess...c0{e"T } > B cofe T (- -
1
In all, we have that
7N Wy s 2 ¥ g (—pD
(3.38) T (1) B, o0{e’™ } > A w{eg(=yz,)}
1
holds.

To relate the detection delay in (3.38) to the first false alarm constraint y, we
use similar arguments as in (3.13)—(3.15) in Proposition 3.2, to obtain that

2
(3.39) —Eoo....00l8 (5} = Eco....c0{ T ).

By taking the limit as v 1 co and using monotone convergence theorem, we have
that 7, 1 T, and limy 400 Eoo, .. 0o{Tv} = Eco,....co{T} > ¥, which implies that there
exists a large enough v, such that

2
?Eoo,‘..,oo{g(y;{))} Eeo,. . .ocollv} =y —¢
1
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holds for any prespecified ¢ > 0. Now consider the nonnegative function
p(y) :i=¢e[g(—=y) — g(—v]))] — g(y) + g(v]), using which we trivially have

o M . .
Ex,....cofe’™ §(=7, )} = Ecc....oofe’™ Jg (—07) + Exx....00{8(v7;))} = 8(v1)

2
(1) . m
= Eos....0{€™ }8(—1}) + Eoo...oofg(3}))} — Ly

(3.40) 2
WYy M
> Eeo, .., oo{e Tv}g( v)_78
W oM
> ol ) g(-01) - Sl |

,,,,,

yields (3.31), which completes the proof. [J

4. Asymptotic optimality of the N-CUSUM stopping rule. In this section,
we demonstrate the asymptotic optimality of the N-CUSUM stopping rule T} for &
chosen such that (3.2) and either (3.17) or (3.24) hold, or (3.3) and (3.28) hold. To
this end, we examine the asymptotic behavior of the robust upper and low bounds
established in Section 3. We show that the additional detection delay of 7 over
the optimal detection delay remains bounded as the mean time of the first false
alarm y increases without bound.

Let any sufficiently large y > 0 and recall from Section 3 (in particular Propo-
sitions 3.1 and 3.6) that the optimal detection delay in (2.4) is bounded from below
and above as

2 o) < inf % 2

4.1) M%g( V) < TIQ%J (T) < JWN(T) < M%g( hy),

where the set of thresholds v} and 7 is, respectively, determined using (,u% /2) X
g(v}) = y and either (3.2) together with (3.17) or with (3.24), or (3.3) together
with (3.28), when the drifts’ sizes u; are all known and equal or unequal,6 or
partially known, respectively.

It is easily seen from Result 3 in the Appendix of [18] that, as y — o0,
2

42) vr =log% Flogy +o(1),
2 w2/ i

(4.3) —8(—vi) = —(log — +logy — 1 +o(1) |.
1y I 2

5Note that when the drifts 41; are different, we do not necessarily require the uniqueness of 7 that
solves (3.2) and (3.24).
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Moreover, when all the drifts are known and u; = u >0 foralli=1,..., N,
the thresholds #; =h > 0 foralli =1,..., N. Using (3.17) and Result 3 in the
Appendix of [18] we have that, as y — o0,

N,u%
4.4) h1 =log +logy + o(1),
2 2 Nu?
4.5) = e(—h) = —2(10g M togy —1 —i—o(l)).
1231 1231 2

As aresult, we have the following optimality result.

THEOREM 4.1. Assume that the drift sizes are all known and p; = p > 0 for
alli=1,..., N. Then for any predictable, nonsingular, stochastic instantaneous
correlation matrix covariance matrix %, the N-CUSUM stopping rule Ty, defined
in Algorithm 2.1, where the set of thresholds h is chosen using (3.2) and (3.17), is
asymptotically optimal to the problem (2.4). More specifically, the difference be-
tween the detection delay of the N-CUSUM stopping rule, J™N)(Ty,), and the opti-
mal detection delay infreT, J (N)(T), is bounded above by l%% log N, as y — oc.

PROOF. The result follows from (4.1), (4.3) and (4.5):

2 2
0<JM(T) — inf JM(T)< Sg(—h1) — Sg(—v}
TeT, M% M% ( 1)
2

2 N,u% 2 5
< —2(10g— +logy — 1 +0(1)) — —2(10g— +logy — 1 +0(1))
W 2 ns 2

2
= —210gN +o(1),
K1
asy —>oo. O

On the other hand, in the more general case that the drifts are all known and
U1 = -+ = Uk < min;= U;, using (3.2), (3.24) and Result 3 in the Appendix
of [18], we obtain that

k,u%
(4.6) hi :10g7+logy+o(1),

2 2 ku?
4.7) —&(—h1) = —2(log— +logy — 1 +o(1)).
1 I 2

It follows that we have the following optimality result.

THEOREM 4.2. Assume that the drift sizes are known and 0 < u; =--- =
Ui < min;~ ;. Then for any predictable, nonsingular, stochastic instantaneous
correlation matrix ¥, the N-CUSUM stopping rule Ty, defined in Algorithm 2.1,
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where the set of thresholds h is chosen using (3.2) and (3.24), is asymptotically op-
timal to the problem (2.4). More specifically, the difference between the detection
delay of the N-CUSUM stopping rule, J (N)(Ty), and the optimal detection delay
infrer, JNU(T), is bounded above by 5 logk, as y — oo. In particular, if k =1,

then Ty, is equivalent to the optimal solunon to (2.4) asymptotically.
PROOF. The result follows from (4.1), (4.3) and (4.7):

2
0< 7M1 - Jnf J<N><T><M—g< h) a8 g(—v7)
1

2 ki 2 wi
<—<log—+10gy—1+o(1)) —<log—+logy—1+o(1))
Ml 2 i\ o 2

= —2 logk +o0(1),
M1

as y — oo. If k = 1, the above upper bound for JN)(T},) — infrer, JN(T) is
o(1), and hence, the N-CUSUM stopping rule is equivalent to the optimal solution
to (2.4) asymptotically. [

Finally, if we only know 11 and have partial information about other drifts, that
is, W € [ﬁi’ﬁi] foralli =2,...,N and 0 < ug =Wy ==y, < mini>k/ﬁi
for some k' € {1,2, ..., N — 1}. Using (3.3), (3.28) and Result 3 in the Appendix
of [18], we obtain that

o 2 —
D1<i<k ‘“2( i = 1) +logy +o(1),

2 2 i<l 20 —
M M 2
It follows that we have the following optimality result.

(4.8) hy = log

+logy — 1 —|—o(1)>.

THEOREM 4.3. Assume that the py is known, u; € [/L w;l for all i =
2,...,N and that 0 < pu = Hy = =My < m1n,>k/,u for some k' € {1, .
N — 1} Then for any predlctable nonsmgular stochastic instantaneous correla—
tion matrix X;, the N-CUSUM stopping rule Ty, defined in Algorithm 2.1, where
the set of thresholds h is chosen using (3.3) and (3.28), is asymptotically optimal
to the problem (2.4). More specifically, the difference between the detection de-
lay of the N-CUSUM stopping rule, J™N)(Ty,), and the optimal detection delay
infrer, JN(T), is bounded above by

3% (lék/(w,/m - 1))

as y — o0o. In particular, if k' = 1, then Ty, is equivalent to the optimal solution
to (2.4) asymptotically.
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PROOF. The result follows from (4.1), (4.3) and (4.9):

2 2
0=<J™M (T — inf JN(T) < Sg(—h1) — —5g(—vf
TeT, ,u% ,u,% ( 1)

=

2 o 1 (20 —
_2<10g D 1<i<k 1R M1)+logy—1+0(l)>
K1 2

2 2
— —2(10gﬂ +logy — 1 —i—o(l))
1231 2

=—210
1

2 T —
gZISlSk( i /1’1) +0(1)’

as y — oo. If k¥’ = 1, the above upper bound for JMN(Ty) — infTeTy JN(T) is
o(1), and hence, the N-CUSUM stopping rule is equivalent to the optimal solution
to (2.4) asymptotically. [J

REMARK 4.1. From Definition 2.1, we know that the order of the asymptotic
optimality achieved in Theorems 4.1, 4.2, 4.3 is of the second order. If 1] is strictly
smaller than all the other drifts (k = 1 in Theorem 4.2 and k’ = 1 in Theorem 4.3),
then the N-CUSUM stopping rule given by Algorithm 2.1, and either (3.2) and
(3.24), or (3.3) and (3.28) exhibits third-order asymptotic optimality. Moreover, it
can be seen after a perusal of the proofs that the order of the asymptotic optimal-
ity of the N-CUSUM does not change if we model 1;’s as F-adapted processes
bounded by known constants K and w;, foralli =2,..., N.

5. Applications. In this section, we discuss one of the applications of the re-
sults in decentralized communication systems. Let us now suppose that each of
the observation processes {S,(i)} become sequentially available at a particular loca-
tion monitored by sensor S;, which then employs an asynchronous communication
scheme to a central fusion center. In particular, sensor S; communicates to the cen-
tral fusion center only when it wants to signal an alarm, which is elicited according
to a CUSUM stopping rule T,fi as in (2.9) adapted to the small filtration {Q,i }. The
observations received at the N sensors can change dynamics at distinct unknown
points 7;. An example of such a case is described in [2] where the motivation sug-
gested arises in the health-monitoring of mechanical, civil and aeronautic struc-
tures. The fusion center, whose objective is to detect the first time when there is a
change in at least one of the sensors devises a minimal strategy; that is, it declares
that a change has occurred at the first instance when one of the sensors communi-
cates an alarm. The implication of the main theorems in Section 4 is that in fact this
strategy is the best, at least asymptotically, in that there is no loss in performance,

between the case in which the fusion center receives the raw data {St(l), .. .SI(N)}
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summarized in the large filtration {;} directly and the case in which the com-
munication that takes place is limited to the decentralized setup. In other words,
the CUSUM stopping rule T} is a sufficient statistic (at least asymptotically) of
the minimum N possibly distinct change points. That is, the stopping rule 7y is
an asymptotically optimal solution to the problems of quickest detection presented
in (2.4). In practice sensors are cheap and easy to replace devices whereas central
fusion centers or central processing units are not. Transferring most of the process-
ing work to the sensors while incurring no loss in the efficiency of the system is
thus valuable and can render cost and speed effective communication systems.

6. Summary. In this paper, we study the problem of detecting the minimum
of N different change points in a N-dimensional Brownian system with partial
information of the drifts and an arbitrary, predictable, nonsingular, stochastic in-
stantaneous correlation matrix ;. It is shown that, under an extended Lorden’s
minmax criterion, the N-CUSUM stopping rule exhibits asymptotic optimality in
the tradeoff between detection delay and false alarms, as the mean time to the
first false alarm increases without bound. Moreover, the performance of the N-
CUSUM stopping rule under dependence is no worse than that under indepen-
dence [18]. This optimality result is obtained by establishing a robust upper bound
and a robust lower bound for the optimal detection delay. The contribution of this
work can be seen in two folds. First, we designed a low complexity, efficient stop-
ping rule without using the explicit information of the covariance matrix %;. This
stopping rule is guaranteed to have a comparable performance or identical perfor-
mance as the optimal stopping rule, even with cross-correlated observations—a
nontrivial extension to the existing literature and the first formal treatment of cor-
related noise in change-point detection. Second, the robust bounds obtained in this
work provide a unified robust probabilistic (rather than analytical) approach to
treat detection problems with multiple change-points or multiple alternatives [15,
16, 38]. This is especially useful when the analytical characteristic such as joint
density or Green functions are not explicitly available.

APPENDIX

Let us denote by Etl = (,Ozi’j)i,j# the (N — 1) x (N — 1) matrix obtained from
3; by removing its first column and first row, and by f),l the (N — 1) x (N —1)
matrix (,0,1” . p,l’] )i, j+1. We further introduce a local martingale

O o N.1 1_ syl
B, :_Ml/‘(psy""’psv)(zs_xs)

e (= P da?, 1= I ).

e _/t dw"” — i’ldws(l)

(A.1)

(A2) 2<i<N.




3430 H. ZHANG, N. RODOSTHENOUS AND O. HADJILIADIS

The local martingale B will naturally appear in (A.8) of the following proof. We
are now ready to prove the assertion in Lemma 3.5.

PROOF OF LEMMA 3.5. Since X%; is nonsingular at all time a.s., we can use
a Cholesky decomposition to obtain a lower triangular, nonsingular matrix-valued
process L; = (Li’j )i<i,j<N»and a N-dimensional standard Brownian motion Z =
M, ..., z"™MY such that

(A.3) dW/ =L,dZ,

holds. In particular, we have L,l’l =1, z,(l) = w,(l), and Li’l = ,of’1 for all 2 <

i < N. Using Girsanov’s theorem (see, e.g., [22], Chapter 3, Theorem 5.1) and the
condition in (2.2), the measure changes from Q to QQ; is given by the exponential

martingale
d .
(A4) A _ €<f Vg dZS) ,
d@ Fi 0 t
where v = (v, ..., v™™) is a N-tuple process, such that
(A.S5) (11,0,...,0) =L,v;.

It is easily seen that vt(l) = 1. Moreover, from Li’l = ,of’l forany 2 <i < N, we
know that

~ Q2 N 2,1 N,1
(A.6) L@, oY =~y (o MY,
where L, = (Li’j)Zsi,jgN isa (N — 1) x (N — 1) nonsingular matrix-valued pro-
cess. On the other hand, notice that

Az, ..., z™Y

~ 2 1 1
= (L) l(dwt( ) p2taw® L dw™ = pNtaw ))/.
Using the equations in (A.6) and (A.7), we conclude that

t
/ vedZg
0

t t
:/0 v dz M +f0 W®, o vINdZP, .. dZ MY

(A7)

! I\ — T o=
=u1w¢(l)—m/0(pf’l,..-,p‘fv’l)(L;) Yo"

(A.8) x (dw® — p>taw®, ... dw®™ — pN1qyw®)

! ~ —
=l =1 [ A - £

’
X ( 1— (Iosz’l)ZdzZ)§2),‘._,mdw§N)>

1 1
S
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where the third equality follows from the fact that i,(l:t)/ + f)} = Etl holds (see
accompanying internet supplement). Finally, by the way we construct B, we
know that the Brownian motions that drive B{") and w" are independent and this
completes the proof. [
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