Topology I — Problem Set One —Solutions Spring 2008

1) Let
0-ALBL o0

be a SES (short exact sequence) of Abelian groups and suppose C' is free.
Then B= Ad C.

Solution: Since C'is free it has a basis {c, }. For each a, let b, € B such that
g(bs) = cq, which you can do since g is onto. Since C' is free the function
coa — by extends linearly to give a homomorphism ¢ : C' — B such that
goo=Ideo.

Now define a homomorphism p: A@® C — B by u(a,c) = f(a) + ¢(c).

1 is onto:

Let b € B. Then let &/ = b — ¢(g(b)). We have g(b') = g(b — ¢(g(b)))
g(b)—g(o(g(b))) = g(b) —g(b) =0so b € kerg = A, in other words &/ = f(a
for some a € A. Then p(a, g(b)) = f(a) + ¢(g(b)) = + ¢(g(b)) = b.

u is one-to-one: Suppose p(a,c¢) = 0. Then f(a) = —¢(c) so 0
9(£(a)) = g(—(c) = —¢, hence ¢ = 0. Then, f(a) = —¢(c) = —6(0) = 0

and since f is one-to-one it follows that a = 0, so (a,c) = 0.

=

2) Show that the two definitions given of reduced homology are naturally
equivalent. (Recall that the first definition is the kernel of H,,(X) — H,({P})
and the second definition is the homology of the chain complex

o 5 (X) = S (X)L oSV S Z =0
where 6 is defined by 6> m;z;) = > m;.)

Solution: Actually, we have three different definitions of reduced homology
—let’s check that they all give the same thing. In the following, A is assumed
to be non-emtpy (we don’t define reduced homology for a non-empty space):

e Definition One: Let f : A — {P} be the unique map to a one-point
space, and define H,(A) = kerH,(f).

e Definition Two: Let P be a point in A and define H,(A) = H, (A, {P}).

e Definition Three: Define by 0 : So(A) — Z by 003 mix;) = Y my,
then define Hy(A) = ker6/im0;.
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The composite
(Pt AL (py
is the identity on the space {P} so the composite
Ho({P}) 5 Ho(A) =0 Ho({P})
is the identity, which gives a splitting
Ho(A) =2im Hy(i) @ ker Ho(f) = im Hy(i) @ coker Hy(1).
Consider the LES of the pair (A, {P}):

o Hy({PY) 229 1 (A) — Hy(A, {P}) — 0.

Putting these together gives an isomorphism Hy(A, {P}) = coker Hy(i) =
ker Hy(f), which gives the equivalence of One and Two.

Now consider the induced map Sy(A) Iz, So({P}). Since So({P}) = Z,
the map fx is the same as 6. Also, So({P}) = Ho({P}), so the kernel of
Hy(f) is the same as as the kernel of f» modulo the image of 0, which is
Definition three.

3) Let B C A C X be spaces. Show that there is a LES

.. — Hy(A,B) — H,(X,B) — H\(X,A) % H,_(A,B) — ...

Solution: By the third isomorphism theorem of algebra, there is a SES of
chain complexes:

0= S5.(A)/S:(B) = 5.(X)/5.(B) — 5.(X)/5.(A) — 0.
Now apply the snake lemma to this SES to get the desired LES.

4) Let X be the subspace of R? consisting of the graph of y = sin(1/z),
0 < x < 1, together with the interval {(0,y) |0 < y < 1}. Compute the
homology groups of X.

Solution: Actually, I meant to say the interval {(0,y) | =1 <y < 1} but it
doesn’t matter as far as the result is concerned. If we call

A={(z,y)|y =sin(1l/z), 0 <x < 1}
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and
B={(0,y) [0<y<1}

then X = AU B is a decomposition of X into its two path components.
Furthermore, A and B are each contractible, so Hy(X) = Z&Z and H;(X) =
0 for ¢« > 0.

5) If A 1. B % 0% Dis exact then show that f is surjective if and only if
h is injective.

Solution: When possible, avoid dealing with individual elements. It is
much more elegant, and generalizable, to prove things like this by referring
to kernels, images, and cokernels, rather than individual elements. (The
concepts of ’kernel’, "cokernel’, ’exact’, etc. generalize to categories in which
the objects are not necessarily sets of elements.)

f is surjective means im f = B iff kerg = B iff ¢ = 0 iff img = 0 iff
ker h = 0 which what it means for h to be injective.

6) If

h i 5} hn—1
T n—&-l_)An_n)Bnl)Cn_n)An—l—TL__)Bn—l—)Cn—l_)"'

is exact and every third arrow h, : A, — B, is an isomorphism, then
C,, = 0 for all n.

Solution: I have labeled the other maps in the sequence. (), maps onto
im0, = kerh,_; and the kernel of this is just im, which is the same as
B,/ keri, = B, /im h,, = coker h,,. Thus we get a SES

0 — coker h,, — C,, — ker h,,_; — 0.

So far we haven’t used anything about h,, being an isomorphism, and in
fact it is very useful to note that whenever you have a LES , you can always
‘extract’ a sequence of SES’s in the above fashion.

Now, if h; happens to be an isomorphism for all ¢, then kerh, ; =0 =
coker h,, and we’re done.

7)

a) If
0—-A—-B—-C—=0



is a SES of abelian groups, then rank B = rank A + rank C' (hint: extend a
maximal independent subset of A to a maximal independent subsest of B ).

Solution:

Let’s assume, for the sake of simplicity, that everything has finite rank,
although the same argument works for abitrary rank, one just has to think
about cardinal arithmetic.

Let {a1, as,...,a;} be a maximal linearly independent subset of A. Then
rank A = k by definition. If this set is not already a maximal linearly indepen-
dent subset of B then let b; € B be such that {ay,as,...,ax, b1} is linearly
independent in B. If this is not maximal linearly independent then there
must be a by € B such that {ay,as,...,ax, by, by} is linearly independent in
B. Continuing in this fashion we get {ai,as,...,ax, b1, bs,...b.} maximal
linearly independent in B. (The process terminates after a finite stage be-
cause B is assumed to have finite rank. In the general case one would use
Zorn’s lemma.) Then rank B = k + r.

Mapping this set to C, the a;s go to zero, and let ¢; denote the image of

b;. I claim that {c;,co,...,¢ } is a maximal indendent subset of C', which
immediately implies the result.
The set {c1,¢a,...,¢.} is independent: Suppose that there was a linear

dependence relation uic; + -+ + u,c, = 0. Then ub; + --- + u,.b, would
map to zero in C, hence a = u1b; + ... u,.b, would be in A. Since the b;-s are
independent, a can’t be torsion. Hence, a must be in the span of the als. This
would give a linear dependence relation between {ay, as, ..., ax, b1, bs,...b.},
contradicting its independence.

{c1,¢9,..., ¢} is maximal: Suppose there was an element ¢ € C such
that {¢1, o, ..., ¢, '} is independent. Then there would be an element i/ € B
which maps to ¢ since B — C'is onto. The set {ay, as, ..., ag, by, ba,...0.,0'}
couldn’t be independent by maximality of {ai,as,...,ax,b1,bs,...b.}, sO
there would be a linear dependence relation among the elements in the set
{ay,a9,...,ak,b1,by,...0.,b'}. This would map to a dependence relation
among the elements in {cy, co, ..., ¢, '} contradicting our assumption of in-
dependence of this set.

b) If

0—A, - A, 1—-—A —A4—0

is an exact sequence of finitely generated abelian groups, then

N o(=1)'rank4; = 0.
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Solution: Let d; denote the map A; — A;_;. We have SES’s
0 —kerd; — A; —imd; — 0
fort=0,1,...,n.
By part a) , rank A; = rank ker d; + rank im d; and by exactness this is the

same as rank A; = rank ker d; + rankkerd; ; (we can just regard d_; = 0).
Thus we get

N o (—=1) rank A; = X7 (—1)"(rank ker d; + rank ker d;_;)

and this collapses to 4+ rank ker d,, = 0.



