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Graphical Gaussian Models
Undirected graph g = (V, E). Vertex set V ={1,--- ,d}

e Multivariate Normal N4(0,X) density, with K = X~ 1: Some Motivating Problems
1
f(x) = flz1,- ,2q) x exp{—2 Z kmm% + Z kz‘jxiff/'j:|} e Asset pricing & clustering (Talih & Hengartner, 2005; Aguilar
i€V 7 & West, 2000)

e g constrains ¥ by zeroing entries of K = X1 :

_ . .. . . Medical monitoring of IC patients (Fried & Didelez, 2003;
ki: = (271, =0 iff {4, E,i °
i = )i tig) ¢ 7 Gather et al., 2002)
e Similar to variable selection in regression (projection):
e Telecommunications networks (Cortes et al., 2003)
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Parameterization
e For simplicity, assume standardized mean zero variables

e For graph g; = (V, E}), let
kiw =1 and ki = —0
where

it € [-1,1]

with the understanding that
0;;t = 0 whenever {i,j} ¢ E;
and that K; >0

Parameter evolution

e In our model, the parameters change only with the graph:

Oijt, it d(gt, ge41) =0
Oiji+1 =110, ifd(gs,9i41) #0and {i,j} & Eyy1

uiji+1, 11d(gt, gi41) 7 0and {4,5} € By

o If {i,j} € Ey, wuyjq1 is @ small perturbation of ;5. Other-
wise, it is drawn from a U-shaped density on [-1,1], such as

w(u) = 1/(71'\/ 1-— uQ)

o Let v(0:41|6+,9:41,9:) be the resulting transition density
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A Model for Time-Varying Graphs

Data conceptualized as stream of d-dimensional observations

X110 X1 N, X2, Xo Nyt
Ny No

Block b of observations Xy, -+, Xpp, 1ID from Ngy(0, %)
K, = Eb_l € M™T(g,) for an undirected graph g, = (V, E})

MT(g) : all positive definite matrices in M(g)

Underlying: Slowly Varying Sequence of Graphs

Successive graphs differ by: d(Gt, Gi41) = #(Et A Eyyq)

Transitions are locally uniform:
1

P[Gi41 =h|Gy=g,d(g,h) =7r] = ml{heR(gm)}

Make d(Gy, Gy41) independent of Gy, with, say,

Are=A

rl

Pld(Gy,Giy1) =7 | A] o r=0,1,---,d(d—1)/2

Obtain, eg.
X
d(g,h)! " #R(g,d(g,h))

P)\(gv h) X



Particle Filtering: Extend Step

e Maintain a (large) collection {Ao;t,m}%zl of sample paths

(called particles) leading up to time ¢t
e Just after time ¢, sample Xy, from p(Am | Dim)
e Using A, and Ay m, generate At—i-l,m according to me

e This gives an approximate sample from the posterior

U1 (ADryg1, M| T1gg1)
except that data at time t + 1 hasn’t yet been used!
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Particle Filtering: Weight and Resample Step

e For each m, compute the importance weights

Wm = fip1(@iq1 | Dig1)

e For each m, normalize the weights so they add up to 1:

’LU>‘< = 7117777,
m T M ~
Zm:l Wm

e Now, let the data speak (or forever hold its peace...):

Sample with replacement from the set of particles according

to the weights w}, !! [cf. Kitagawa’'s stratified sampling]

e Obtain a new (re-weighted) set of particles {AB:t+1,m}n]‘§[:1
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Recursive Updating of Evidence...

e A; = {gt0:} is a dynamic target that we are trying to
track/learn

e The transition from A; to A1 is governed by

Qx(A¢, Ay 1) = Pr(9t, 9t41) X (041 | 04, 9441, 9t)

e Also, have a static parameter A > 0 that controls the rate of
structural change along the sequence of graphs

e A priori, A ~ Gamma(a, 3)

. Recursive Updating of Evidence

e At time t, we update our evidence about X via the total graph
distance travelled along the sequence:

t—1
Dt = Z d(gsvgs+l)a
s=0
pt(N | Dy) o« Gamma(a + Dy, 8+ )

e For the dynamic component A, key recursion is:

Gr1(D1pt 1A [ ®1p41) o< frp1(@egr | Digr) X Qa(A¢, Aygq)
th(A1:t7>‘ | ml:t)

where (A1, A | x1y) = q(Av | 1) pe(N | Dy)
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Moving to Avoid Impoverishment
e In theory, M — o

e In practice, repeated resampling can lead to getting rid of
all but one particle!

e Remedy is to slightly perturb each particle, one at a time

e MCMC algorithms are typically needed here

e Computationally expensive step. Nontrivial proposal design

e As long as such moves are reversible, we still have an ad-

equate sample from the posterior q;4 1
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Simulation Example

[lambda=0.085 — from Gamma(scale=1, rate=2)]
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A: A:C A:D AE
true 0] 0 1 0
median 0 0 1 1
mean 0.048 0.016 0.995 0.992
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0.85

at time T...

Partial Correlation for edge A:C

-1.0

-05 0.0 05 10

Partial Correlation for edge A:E

0.714

Posterior Dist. of Graph at time T (First 12 only)

A
B
E
c
D

Distance from True Graph: 1

0.018

Distance from True Graph: 5

0.01
A
B
E
c
b

Distance from True Graph: 3

Frequency

0111
Iy
B
c
b
Distance from True Graph: 2

0.014

Distance from True Graph: 2

0.008
A

B

Cl\b
3]

Distance from True Graph: 0

0.049
A
B
E
c
b
Distance from True Graph: 2

0.014

Distance from True Graph: 2

0.008
A
B
E
c
D

Distance from True Graph: 2

E

E

0.021

Distance from True Graph: 2

0.007
A

B

c
b

Distance from True Graph: 3

Posterior Distance from True Graph at time T

E

0.7

0.6
I

0.4

0.2
I

0.1

0.0
I

Distance from true graph at time t



...Posterior Partial Correlations at time T...

ConC| USionS Partial Correlation for edge B:C Partial Correlation for edge B:D
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