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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES

By MAKRAM TALIH*,
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This article is motivated by the problem of estimating the covari-
ance structure in the multivariate Normal model when the underlying
precision matrix is driven by a hidden Markov chain. We construct a
Markov chain on the cone of positive definite matrices such that the
path between consecutive matrices is a geodesic segment. The result
is a geometric framework for multivariate stochastic volatility that
includes both the matrix Beta-variate multiplicative evolution model

of [24] and the matrix exponential GARCH model of [11].

1. Introduction. This paper is motivated by the problem of estimating the covariance
structure in the multivariate Normal model when the underlying precision matrix is driven by
a hidden Markov chain. We introduce a new class of dynamic models for precision matrices

based on the intrinsic geometry of the cone P of real positive-definite matrices. When P is
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2 MAKRAM TALIH

endowed with a Riemannian metric, an intrinsic distance can be defined and, as discussed in
[21], corresponds to the Fisher information distance in the multivariate Normal model. The
Markov chains we propose in this paper are such that the path between consecutive precision
matrices is a geodesic (shortest intrinsic distance) segment in the cone P, ensuring it remains
well within P at all times. The main appeal of our use of the intrinsic geometry of the cone
P is that, unlike in the usual Euclidean framework, nonpositive-definite symmetric matrices
remain at an infinite (intrinsic) distance from the cone P.

In the context of financial models for asset pricing and allocation, multivariate stochastic
volatility models are well studied, cf. [5] for a recent review of the literature. [18] have con-
tributed a general model for multivariate stochastic volatility in which the variance-covariance
structure of asset returns follows a Wishart process, extending the traditional Normal-Wishart
representation in the fixed-time case. For a positive-definite parameter matrix J, which the
authors interpret as a measure of intertemporal sensitivity, a scalar parameter 3, with |3| < 1,
measuring persistence, and degrees of freedom o > p+1, [18] assume a p-dimensional multivari-
ate Normal distribution N, (0, X;11) on (log-) returns at time ¢+ 1, together with a time-varying
precision matrix Ky = X, +11 given by a Wishart distribution with degrees of freedom o and

scale matrix J1/ QKtﬁ JY2/a. Thus, the conditional expectation of K;y1 given K is:

(1.1) E[Kiy1 | Ky, J, ) = JV2KP Y2,

The authors discuss how the interplay between the parameters § and J ensures stability.
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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES 3

The model of [18] stems from a long tradition of multiplicative updating of the covariance
structure in dynamic matrix-evolution models, known in the Bayesian forecasting community
as variance/covariance discounting. Variance-matrix discounting has proved extremely fruitful
in empirical finance applications such as portfolio construction, and is a method that takes
roots in the work of [20] and others, cf. [26], [1] and references therein. The idea of variance-
matrix discounting is also found in the matrix Beta-variate multiplicative evolution model
of [24]. [24] considered a vector auto-regression model with multivariate Normal errors and

time-varying error precision matrices K¢y at time ¢t 4+ 1 given by

(1.2) K = U/ 01Uy /7,

where + is a positive scalar, K; = U/ U, is the Cholesky decomposition of the precision matrix
K, at time t with U; upper-triangular, and ©;;1 is a matrix of (unobserved) discount fac-
tors that, independently, follows a multivariate Beta type I distribution. — Just like its scalar
counterpart, which is the distribution of the ratio wy /(w1 + wz) for independent Gamma ran-
dom variables w; ~ Gamma(a;,1), i = 1,2, the Beta type I is the distribution of the ratio

Wi/

(W + W)~ tw /? for independent Wishart matrices W; ~ Wishart, (o, I) with degrees
of freedom «;, i = 1,2, and a common scale matrix I, the identity matrix, cf. [16].

In this paper, we introduce two new classes of dynamic models for precision matrices based

on the intrinsic geometry of the cone P of real positive-definite matrices. One such class of
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4 MAKRAM TALIH

models is described in section 3. We propose the following evolution equation:

(1.3) Kir1 = K} Exp(8re41Bist) K7,

where Exp denotes the matrix exponential, § is a scalar with 0 < § < 1, the 7,41 are independent
and identically distributed exponential random variables with mean one, independent of the
Ky, and the B;i; are independent and identically distributed symmetric random matrices,
independent of the 711 and the Kj, with norm ||Biyi|| < 1. In section 3, we show that,
when ||Bg+1|| = 1, 07441 is the intrinsic distance along the geodesic segment between K; and
Kiy1. The latter is seen as a random segment on the geodesic curve originating from K; with
random initial velocity Kt1 / 2Bt+1Ktl /2. Our model (1.3) yields the following matrix of average
“discounting factors”:

E[K; K K =Bl - 6Bia) 7).

This is comparable to, yet more flexible than, the one obtained from (1.2) in [24]:

E[(U/) " KU = B[O /7]

The added flexibility in our approach comes from the fact that the discounting factors in (1.3)
are controlled by the matrices By;1. The latter are random matrices that lie inside the unit ball
in §, but that, otherwise, have no positive definiteness constraints. Both random matrix theory

[8] and directional statistics [25] provide a rich collection of distributions for such matrices. In
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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES 5

fact, in theorem 3.1, we show that, for a particular choice of matrices By — namely log-Beta

type I distributed random matrices — model (1.2) of [24] is a special case of our model (1.3).
In section 5, we introduce an additional class of models based on the log-Euclidean geometry

developed by [3] for the cone P in the context of diffusion tensor magnetic resonance imaging.

We describe the evolution of precision matrices by a geodesic random walk on their logarithms:

(14) Ln(KtJrl) = Ln(Kt) + 5Tt+1 aAt+1LH(Kt),

where 04,,,Ln(K}) denotes the directional derivative of the matrix logarithm Ln at K; in the
direction of Asy1, the Ay are symmetric random matrices dependent on K¢, 0 < § < 1, and
the 7,41 are as before. We show that, when the directional derivative in (1.4) is appropriately
standardized, the intrinsic distance along the geodesic segment between K; and K;,; remains

0T¢+1, and we have, further, that

E[Ln(K; 1) — Ln(K;)] = 6E[04,,, Ln(K;)].

Thus, when the directions A;y; are symmetric in distribution, the right-hand side in the
above becomes zero, therefore the left-hand side becomes the expectation of a matrix-valued
martingale difference, cf. section 5. Hence, the log-Euclidean model (1.4) generalizes the matrix
exponential GARCH models of [11].

The Markov chains we propose remain well within the cone of positive definite matrices.

Thus, other than for models of multivariate stochastic volatility, they can serve for Monte
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6 MAKRAM TALIH

Carlo inference from static data, and are easily adapted to sequential Monte Carlo.

The matrix exponential and logarithm have been used in [12] for approximate finite-sample
and Bayesian inference techniques for the Normal covariance matrix, as well as in [6] to study
dependence on explanatory variables of the covariance structure in a multivariate linear model.

The differential geometry associated with the Fisher information metric in the multivariate
Normal model is well known, due to the seminal work of [2]. In the study of magnetic resonance
imaging data, [7] have introduced a principal component analysis whose modes of variation
are geodesic lines in the cone of diffusion tensors (i.e. 3 x 3 variance-covariance matrices). In
the context of array signal processing, [22] make use of geodesics on the cone P to track time-
varying linear subspaces. In computer vision, [19] build an algorithm for covariance tracking
that is also based on intrinsic distance and its associated geometry.

The plan of the paper is as follows. Section 2 contains background material on Riemannian
geometry. In section 3, we introduce a new class of dynamic models for precision matrices based
on the Riemannian geometry of the cone P of positive-definite matrices. Using a convenient
parameterization of geodesics on P (lemma 2.1), we show how our geodesic Markov chain model
generalizes the matrix Beta-variate multiplicative evolution model of [24], cf. theorem 3.1. In
section 5, we propose another class of models based on the log-Euclidean geometry of P, which
we review in section 4. The latter models produce matrix-logarithmic random walks that are
comparable to the exponential GARCH model of [11]. The innovations in the log-Euclidean
framework take a particularly simple form for the cone P (lemma 4.1), which makes them

readily comparable to those in section 3. We discuss both classes of models in section 6 and,
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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES 7

in theorem 6.2, derive a long-run distribution in the log-Euclidean case. Section 7 concludes.

2. Riemannian geometry of positive definite matrices. The material in this section
follows the exposition in [15]. Chapter 1 of [10] contains much of the foundational material on
differentiable manifolds.

Let S(p) denote the space of real symmetric p X p matrices. In what follows, since the
dimension p remains fixed, we write S for S(p). The Euclidean inner product on § is the
Frobenius inner product

(A, B) = tr(ATB) "Z° tr(AB).

The latter yields a matrix norm, called the Frobenius norm, which, for B = (b;;) € S, is:

m1= .57 = (3300) = (3x)

where the )\; are the eigenvalues of B.

Let P = {P € S : P > 0} denote the set of positive definite matrices in S. P is a convex
open cone, in that P 4+ s@ € P for all P,Q € P and s > 0. For each P € P, the tangent space
7Tp is defined as the collection of tangent “vectors” to P at P. It transpires that the tangent
space 77 to P at the identity I is equal to the space of symmetric matrices S, cf. [15]. Hence,
for each P € P, the tangent space 7p is identified with S via the map A — P~1A. A particular

inner product on 7p is:

(A, B)p ¥ (P14, P'B); = (P*A, P'B).
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8 MAKRAM TALIH

It induces a norm on 7p given by

def

1Alp € | P1A| = (PTTA, PTIA)Y2,

The map P+ P~!A is smooth. Therefore, the map P + (-,-)p is smooth; the latter is called

a Riemannian metric. Equipped with a Riemannian metric, P is a Riemannian manifold.

2.1. Geodesics. The length of a smooth (i.e. class C*°) curve I' : [0, 1] — P is defined as

£y = [ Il ds
and the energy of ' as

ey =3 [ G, ds
where I"(s) denotes the derivative dI'(s)/ds. The intrinsic distance between P and @ in the
Riemannian manifold P is defined as

(2.1) d(P,Q) =inf{L(T") | T :[0,1] - P,T'(0) = P,T'(1) = Q},

where the infimum is taken over smooth curves I'.
To paraphrase definition 1.4.2 in [10], to which the interested reader is referred to for a
more detailed statement, we say that a smooth curve I' : [0,1] — P is a geodesic if it is a

critical point of the energy functional £(T"). This means that a geodesic curve I' solves the so-
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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES 9

called Euler-Lagrange ordinary differential equations for the energy £ in the local coordinates.
Loosely speaking, the “acceleration” along I' remains zero. It transpires that length-minimizing
smooth curves are geodesics, thus the infimum in (2.1) is achieved by geodesic curves.

For I'(0) = I € P, the geodesic curve with initial velocity I'(0) = B € 77 is given by
I(s) = Bxp(sB),

cf. [15], where the matrix exponential map 7; — P is everywhere defined on 77 via the formal
power series expansion for the matrix exponential function:

2
Exp(sB):I—i—sB—i—%Bz—i—---.

We group, here, some basic properties of the matrix exponential for later reference.

PRrROPOSITION 2.1 (Properties of the matrix exponential). Let B € S.
1. If B = diag(b1,--- ,bp) is a diagonal matriz, then Exp(B) = diag(exp(b1),--- ,exp(bp));
2. If W is an invertible matriz, then Exp(WBW 1) = WExp(B)W ~!;
3. In particular, for the spectral decomposition B =V DVT of B with D diagonal and V an
orthogonal matriz, Exp(B) = VExp(D)VT;

4. For the determinant, we have det(Exp(B)) = exp(tr(B)).
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10 MAKRAM TALIH

For an arbitrary P € P, the geodesic with I'(0) = P and I'(0) = A € 7p is given by [15] as
['(s) = PY2Exp(sP~1/2AP~Y/2)p'/2,

Note that the existence and uniqueness of the geodesic I' : [0,1] — P with I'(0) = P € P and
I(0) = A € Tp is, in general, a consequence of an existence and uniqueness theorem for the
aforementionned Euler-Lagrange ordinary differential equations, cf. theorem 1.4.2 in [10]. On
the other hand, the Hopf-Rinow theorem ([10], theorem 1.4.8) implies that P is geodesically
complete. This means that the interval [0, 1] extends to (—oo,+00) and that, for any given
pair P,@ € P, we can find a geodesic curve I' such that I'(0) = P and I'(1) = @, namely by
taking the initial velocity as I/(0) = PY/2BPY/2, for B € S given by B = Ln(P~'/2QP~1/?).
Here, the (principal) matrix logarithm Ln : P — S is defined by Ln(Exp(B)) = B for B € S.

Henceforth, given the geodesic with I'(0) = P € P and I'(0) = A € Tp, we represent the

initial velocity A using the symmetric matrix B = P~1/24P~1/2 whence | B|| = ||A| p and
I'(s) = P/?Exp(sB)P'/2.

2.2. Intrinsic distance d(P,Q). Let the geodesic curve T' with T'(0) = P € P and I"(0) =
Ln(P~1/2QP~'/?) = B € S achieve the infimum in (2.1). Then, the intrinsic distance d(P, Q)

can be computed explicitly:

P 1/2
d(P,Q) = |[Ln(P~1/2QP~1/?)|| = (Z lnw)Q) :

i=1
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GEODESIC MARKOV CHAINS ON COVARIANCE MATRICES 11

for eigenvalues \; of P~Y/2QP~'/2, This was first shown by [14] (theorem 1). Since the \; are
also eigenvalues of P~1Q, one can compute the distance d(P, Q), in practice, without invoking
/2.

the matrix square root P~

We group here some additional properties of d(P, @), cf. [9].

PROPOSITION 2.2 (Properties of d(P,Q)). The following are true:

1. d(P,Q) is a bona fide metric on P;

S

. Linearity: d(P,Q) = |s|||B|| for Q = PY?*Exp(sB)PY/?;
3. d(P,Q)=o0 if PEP and Q € S\ P;
4. Affine invariance: d(CPCT,CQCT) = d(P, Q) for C € GL(p);

5. Invariance to inversion: d(P,Q) = d(P~1,Q71).

Property 3 above is important. If one were to use d(P, Q)? as a loss function in estimating a
covariance matrix, then matrices @ € S\ P would not enter in the estimation procedure. This
is a property that the corresponding Euclidean loss function ||P — Q||? does not share.

Property 5 implies that, for K = 71 in the multivariate Normal N,(0,X), we have that
d(K,I)=d(I,X). Thus, even though they lead to entirely different model interpretations, both

the covariance matrix and its inverse are the same distance away from the identity matrix.

2.3. Alternative parametrization of geodesics on the cone P. We close this section with
an important alternative parametrization of geodesics on the cone of P of positive definite

matrices, which will be key to proving theorem 3.1 in the next section.
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12 MAKRAM TALIH

LEMMA 2.1. For P € P, let P = UTU be any decomposition of P with U invertible, and

let A€ Tp. The geodesic curve T' with T'(0) = P and I"(0) = A is given by

I'(s) = UTExp(s(UT) AU Y)U.

PROOF. Let V = P~1/2UT . V is an orthogonal matrix. By property 2 of proposition 2.1,

P\2Exp(sP~12APp~V2\pl/2 = pYR2yyTExp(sP~/2AP~ V2 vy T pl/?
P'2VExp(sVT P~12 AP~ 12y T pl/2

= UTExp(s(UT) AU HU.

3. Hidden geodesic Markov chain model. For a Normally distributed random vector
Xt ~ N,p(0,3%;) of dimension p, the model we propose in this section is such that the precision
matrix K; = %! of X; follows a hidden matrix-valued Markov chain in (P,d) that moves

along geodesics, ensuring it stays inside P at all times.

3.1. Data generating mechanism. Suppose a matrix-valued process on P has been con-
structed and is in position K; at time t. As noted earlier, for an arbitrary matrix By11 € S,

a corresponding matrix Aq11 € Tk, is given by A4 = Ktl/QBtHKtl/z, whence ||A¢y1|lx, =
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|| Bet1||- We assume the data is generated as follows:

Biy1 = some distribution on {BeS:|B| <1},
Te41 1D Exponential(1), independent of the By,
1/2 1/2
(3.1) K1 = K, "Exp(67441Bi41)K,;'", for some 0 < § < 1,

Xe1 | Kipr ~ Na(0,511), for Spy1 = K74

In the above, the 711 are independent and identically distributed exponential random variables
with mean one, independent of the K;, and the By are independent and identically distributed
symmetric random matrices, independent of the 744; and the K;. From (3.1), it follows that

the intrinsic distance along the geodesic segment between K; and Ky is given by

d(Kt, Kit1) = 0Te1|| Begi || < 0741,

with equality when || Biy1|| = 1. The distance d(Ky, K1) measures the magnitude of the
discount factor or innovation K, 1/ 2Kt+1K; 2 Lelative to the identity, in that, by property 4
in proposition 2.2,

(K, P K K0 = d(Ky, Kig).
That the model (1.2) of [24] is a special case of (3.1) above is shown in the following

THEOREM 3.1. Suppose the Byy1, 7ev1, Kir1 and § are as specified previously. Suppose,

furthermore, that the By have an orthogonally invariant distribution. Then, for the Cholesky
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decomposition K, = Ul'U; of the precision matriz K; with U; upper-triangular, we have

Kt+1 2 UFEXp((STt_‘_lBt_H)Ut.

In particular, by taking ©41/v = Exp(07¢+1Bi+1) to be a matriz-variate Beta type-I, the model
(1.2) becomes a special case of (3.1).
PrRoOOF. This is an immediate consequence of lemma 2.1. O
3.2. Submartingale properties implied by B 2 _B. Since |Bis1|| < 1and 0 < § < 1, we
may take conditional expectation given K; and By on both sides of (3.1) to obtain:

(32) E[Ki1 | Ki, Bryal = K{/2(1 = 6By0) 'K,

For a scalar § € (0,1), an exponential random variable 7 with mean one and any random

matrix B € S, independent of 7, with ||B|| <1 and B 2 _B, let

(3.3) R ¥ E[Exp(+67B)] = E[(I £5B)™Y],

(3.4) r Y Elexp(£drtr(B))] = E[(I + 6tr(B)) Y.

Then, on the one hand, Jensen’s inequality (in Loewner ordering) implies that the matrix R—1I

is nonnegative definite. Since the B, are IID, it follows from (3.2) that

E[Ki1 — K | K] = K}”* (R - 1) K},
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which is nonnegative definite, meaning that the sequence of precision matrices { K;} is a matrix-
valued submartingale. On the other hand, using property 4 in proposition 2.1, Jensen’s in-
equality implies 7 > 1, hence the determinants det(K;) form a submartingale sequence. By

symmetry, both ¥; and det(3;) also form submartingales sequences.

4. Log-Euclidean geometry of positive definite matrices. The material in this sec-
tion is based on the log-Euclidean geometry developed by [3] for the cone P in the context of

diffusion tensor magnetic resonance imaging. [3] define logarithmic multiplication by:

P® Q% Exp[Ln(P) + Ln(Q)).

Then, by proposition 3.2 in [3], (P, ®) becomes a group, where the (now commutative) group
multiplication generalizes ordinary matrix multiplication in that P ® Q = PQ when P and
Q commute, and where the group inverse thus satisfies P~ © P = P~'P = I. Moreover, by

introducing the log-scalar multiplication

sep Y Exp[sLn(P)] = P?,

[3] make P a vector space in its own right. Further, theorem 3.3 in [3] shows that the map
(P,Q) — P~' ® Q remains smooth, and, hence, that (P, ®) is a Lie group. Thus, the tangent

space 77 to P at the identity element I remains the space of symmetric matrices S, and an
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inner product is defined on 7p by

(A,B)p = (04Ln(P), 9pLn(P)) = tr(daLn(P) dpLn(P)),

where d4Ln(P) denotes the directional derivative in the direction of A of the Ln map evaluated

at P, cf. [3] (corollary 3.9).

4.1. Log-Fuclidean geodesics. By [3] (corollary 3.9), the log-Euclidean geodesic curve with

['(0) =P € P and I'(0) = A € Tp is given by

(4.1) I'(s) = Exp(Ln(P) + s04Ln(P)).

4.2. Log-Fuclidean intrinsic distance di(P,Q). In (4.1), for @ = I'(1), the resulting intrin-
sic log-Euclidean distance between P and @ in P, which we denote by di.(P, @), is given simply
by the Frobenius distance between their matrix logarithms, and it can be expressed in terms of

the norm of the directional derivative of the matrix logarithm in the direction of A as follows:

die(P, Q) = |Ln(P) - Ln(Q)|| = [[0aLn(P)].

PROPOSITION 4.1 (Properties of dio(P, Q), cf. [3]). The following are true:
1. die(P,Q) is a bona fide metric on P;

2. Linearity: di.(P, Q) = |s]||0aln(P)|| for @ = Exp(Ln(P) + sdsLn(P));
3. die(P,Q) =0 if PEP and Q € S\ P;
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4. Scale invariance: dj(sP, sQ) = di(P, Q) for scalars s > 0;
5. Rotation invariance: d;,(OPOT , 0QOT) = di(P,Q) for O € SO(p);

6. Invariance to inversion: di.(P,Q) = di.(P~%,Q1).

17

4.3. Alternative parameterization of log-Euclidean geodesics in P. We introduce, here, an

alternative parameterization of geodesics in the log-Euclidean framework that takes explicitly

into account the form of directional derivatives d4Ln(P) in (4.1). This will afford us a more

transparent data-generating mechanism in section 5.

For P € P, consider the spectral decomposition P = VT DV, where V is the orthogonal

matrix of eigenvectors and D = diag(dy, - - - , d)) is the diagonal matrix of (ordered) eigenvalues

of P. For A € Tp, let T € S be given by T = VAV”. Theorem 4.8 of [17] shows that the

directional derivative 04Ln(P) satisfies
(4.2) daLn(P) = VIoyLn(D)V.

Further, using the so-called Loewner matriz Ap(Ln) whose entries are

Ind; —Ind,;
HZ. - dn.*d]? di # dj,
(AD(LH))Z']' = ’ /

the directional derivative OyLn(D) in (4.2) is computed as the Hadamard product

(4.3) drLn(D) = T - Ap(Ln).
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LEMMA 4.1 (Alternative parameterization of log-Euclidean geodesics in P). Let P € P,
and consider its spectral decomposition P = VT DV given above. Let B € S be an arbitrary
matriz. Define T € S by

T =B-A}(Ln),

where the entries of A, (Ln) are the reciprocals of the entries of the Loewner matriz Ap(Ln):

1 Zﬁfjd i 7 d
— na; —inda;
(AD(LH))U - J

di, d; = d;

Then Y - Ap(Ln) = B and, the log-Euclidean geodesic curve with T'(0) = VI DV and I'(0) =
VIYV is given by

I'(s) = VIExp(Ln(D) 4 sB)V.

PROOF. Let A = VIYV. A € Tp. By (4.2) and (4.3), the directional derivative in (4.1)

becomes d4Ln(P) = VT BV. The result now follows from property 3 of proposition 2.1. O

5. Log-Euclidean hidden geodesic random walk. In this section, the evolution over
time of a Normally distributed random vector X; ~ N,(0,%;) is such that the precision matrix
Ky =%, ! follows a hidden matrix-valued log-Euclidean random walk in (P, d).) that moves

along log-Euclidean geodesic segments.

5.1. Data generating mechanism. As before, let the spectral decomposition K; = V,I D,V,

of the precision matrix K; € P at time ¢ be given. Let Byy1 € S be an arbitrary matrix. As in
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lemma 4.1, define Y411 € S by

YTi11 = By - Ap, (Ln),

where the entries of A7, (Ln) are the reciprocals of the entries of the Loewner matrix Ap, (Ln).

Now, consider the following log-Euclidean data-generating mechanism:

B T some distribution on {BeS&:|B| <1},
1ID . .
Te+1 ~ Exponential(1), independent of the By;1,
(51) Ln(Kt_H) = Ln(Kt) + (5Tt+1‘/;TBt+1‘/t, for 0 <d <1,

Xip1 | K1 ~ Na(0,5441), for Sy = K.

In the above, the 7.1 are independent and identically distributed exponential random variables
with mean one, independent of the K, and the By, are independent and identically distributed
symmetric matrices, independent of the 7;11 and the K;. By lemma 4.1, the segment between
K; and K41 is a segment on the log-Euclidean geodesic curve starting at K; with initial

velocity A;11 = VI Y441 V;. Further, the log-Euclidean distance along that segment is given by

die(Ky, K1) = 6p41|| Beg1 || < 6741,

with equality when || Bit1]| = 1. Recall that the distance djo (K, Ki11) = ||Ln(Ki41) —Ln(Ky)||.
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5.2. Submartingale properties implied by B 2 B uBZ2 — B, then, from (5.1), we obtain

E[Ln(Kt+1) - Ln(Kt) ‘ Kt] =0.

Thus, Ln(K;) forms a matrix-valued martingale, of which the exponential GARCH model
of [11] is a special case. Further, as ||Bi+1]] < 1 and 0 < 6 < 1, we may take conditional

expectation given K; and B;;1 on both sides of (5.1) after exponentiating:

E[Kis1 | Kty Bepa) = K2 0 (I = 6V By Vi) ™' o K72,

Just as in section 3.2, but this time conditioning on K, define

Ry € E[Bxp(+6rV, BV,) | K] = E[(I + 6V, BV,) ™" | Kil,

(5.2) re @ Elexp(£67tr(VI BW,)) | Ki] = E[(I + 6te(VEBV;)) ™! | K,

where 0 < § < 1 and B € S with B 2 —B. Note that tr(VBV;) = tr(B), since V; is
orthogonal. Hence, r; = r, with r as in (3.4). Note that if, in addition to being symmetric,
the distribution of B is orthogonally invariant, then we will also have R; = R, with R as in
(3.3). Now, Jensen’s inequality implies that the matrix R; — I is nonnegative definite, which
means the precision matrices K; form a matrix-valued submartingale. On the other hand, the
determinants det(K;) form a submartingale sequence identical to the one obtained in section 3.

By symmetry, both the covariance matrices ¥; and their determinants are also submartingales.
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5.3. Extension to log-Euclidean autoregressive models. The multivariate stochastic volatil-
ity model of [18], which we discussed in the introductory section of this article, is a Wishart
random walk where, for J = I — the identity matrix, —in (1.1), E[K 41 | K] = Ktﬁ A compara-
ble class of models can be obtained in the log-Euclidean framework of this section by replacing

(5.1) in the data-generating mechanism with
Ln(Ky11) = Ln(K;) + 0741 V;! Bia Vi,

for |3] < 1. In this model, the segment between Kf and K;;; becomes a segment on the

log-Euclidean geodesic curve starting at Ktﬁ with initial velocity
Apyr = V" (Byya - A 5(Ln))V;.
t

6. Comparative study. The log-Euclidean framework of section 5 has some advantages
over the framework of section 3. First, we obtain bona fide random walks for the log-precision
matrices. Second, since calculations are, in effect, done in the space S, which is flat as it is a
Euclidean space, numerical procedures are relatively more stable than when working directly
in the (negatively) curved manifold P. The drawback of the log-Euclidean framework is that,
unlike the multiplicative innovations or discount factors of section 3, the log-Euclidean innova-
tions are no longer independent of the present state K;. Nonetheless, we show in theorem 6.1
that, for orthogonally invariant matrices By1, the log-Euclidean innovations in (5.1) become

distributionally equivalent to the multiplicative innovations of section 3.
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THEOREM 6.1 (Innovations). Let B € S be a random matriz with an orthogonally invariant
distribution. For P € P, let P = VT DV be the spectral decomposition of P, with V orthogonal

and D diagonal. Consider the matrices Q1 and Q2 in P defined by

Q1 = PY2Exp(B)PY? =T4(1),

Q2 = Exp(Ln(P) + VI BV) = T'y(1).

In the above, Ty is the geodesic curve in (P,d) with T'1(0) = P and T,(0) = PY2BP/?
while Ty is the geodesic curve in (P,d;.) with T2(0) = P and T'5(0) = VI(B - ApLn)V. The

innovations P~Y2QP~1/2 and P~Y2 © Qo ® P12 are equal in distribution.

Proor. By logarithmic multiplication and scaling, we have

P25 Qy o P~Y2 = Exp(Ln(Q2) — Ln(P)) = Exp(VI BV).

Since the matrix B is orthogonally invariant, the right-hand side is equal in distribution to

Exp(B), which is the innovation p-12Q,p-1/2, O

THEOREM 6.2 (Limiting behavior). Fort = 0,1,---, let the spectral decomposition K; =
VtTDtVt of the precision matrix K; € P at time t be given, where V; is the orthogonal matrix
of eigenvectors and Dy is the diagonal matriz of (ordered) eigenvalues of K. Let the 1i41 be
independent and identically distributed exponential random variables with mean one, indepen-

dent of the K, and the By11 be independent and identically distributed symmetric matrices,
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independent of the 141 and the Ky, with ||Biy1|| < 1. Suppose, moreover, that the distribution
of the Byy1 is orthogonally invariant. Then, for the log-Euclidean random walk given by (5.1),

we have that, as t — o0,

1/t =

(Ky "0 K, 0 KoY = Exp(sB),

where B = E[By] and convergence is in probability.

PROOF. By (5.1), whenever the B;y; have an orthogonally invariant distribution, we get
D
Ln(K41) — Ln(Ky) = 6741 Biga,
which is independent of K;. It follows that, for ¢ > 1,

t—1
D
Ln(K;) — Ln(Ko) =6 Y 7ey1Bss1.
s=0

The above sum is that of independent and identically distributed random matrices with mean

E[rs11Bs41] = B. By the law of large numbers,

1 t—1 B
Z Z 7-s+lBs+1 — B
s=0
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in probability as t — oco. Hence

%(Ln(Kt) Lu(Ko)) — B

in probability as t — oo. The result now follows from logarithmic multiplication and scaling.

O]

7. Discussion. The models we propose in this paper are hidden Markov chain models
for the covariance structure in the multivariate Normal model. A Markov chain on the cone
of real positive definite matrices is constructed in such a way that the path between con-
secutive matrices is a geodesic segment. The result is a geometric framework that includes
as special cases both the matrix Beta-variate multiplicative evolution model of [24] and the
matrix exponential GARCH model of [11]. Such Markov chains can also serve as Metropolis
chains in a Markov chain Monte Carlo inference about the covariance or precision matrix in
the multivariate Normal model, and they are easily adapted to online inference.

Determining the Riemannian geometry of the cone of positive definite matrices Pg with
a pattern of zeroes dictated by the (absent) edges of an undirected graph G, such as arise
in graphical models, remains an open problem. Those models provide parsimonious precision
matrices and less volatile portfolio allocation weights in portfolio selection problems, cf. [23]
and [4]. [13] (theorem 2.2) have shown that for a certain class of decomposable graphs called
homogeneous graphs, the cone Pg is a homogeneous cone, i.e. its automorphism group acts

on it transitively. Having a homogeneous cone facilitates the construction of the exponential
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map Pg — Tp,, and the ensuing geodesic curves. The geodesic Markov chains proposed in this
paper would provide a much needed tool for the study of multivariate stochastic volatility in

the Gaussian graphical model.
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